Received: July 27, 2001, Accepted: September 12, 2001 Revised: August 29, 2001

HYPER VERSION

Brane-world inflation and the transition to standard cosmology

André Lukas

Centre for Theoretical Physics, University of Sussex Falmer, Brighton BN1 9QJ, United Kingdom E-mail: A.Lukas@sussex.ac.uk

David Skinner

Department of Physics, Theoretical Physics, University of Oxford 1 Keble Road, Oxford OX1 3NP, United Kingdom E-mail: skinner@thphys.ox.ac.uk

Abstract: In the context of a five-dimensional brane-world model motivated from heterotic M-theory, we develop a framework for potential-driven brane-world inflation. Specifically this involves a classification of the various background solutions of (A)dS_5 type, an analysis of five-dimensional slow-roll conditions and a study of how a transition to the flat vacuum state can be realized. It is shown that solutions with bulk potential and both brane potentials positive exist but are always non-separating and have a non-static orbifold. It turns out that, for this class of backgrounds, a transition to the flat vacuum state during inflation is effectively prevented by the rapidly expanding orbifold. We demonstrate that such a transition can be realized for solutions where one boundary potential is negative. For this case, we present two concrete inflationary models which exhibit the transition explicitly.

Keywords: Cosmology of Theories beyond the SM, M-Theory, Extra Large Dimensions.

Contents

1. Introduction 2

2. The theories 7 2.1 The five-dimensional action 7 2.2 The four-dimensional low-energy description 9

3. Five-dimensional solutions and their four-dimensional

limits 12 3.1 General properties 12 3.2 Solution with V > 0 and V_1 + V_2 > 0 14 3.3 Solutions with V > 0, V_1 + V_2 < 0 17

4. The slow-roll approximation 22 4.1 General requirements of slow-roll 23 4.2 Special solution for related bulk and brane potentials 27 4.3 General solution for backgrounds with a static radius 28

5. Application to the background solutions 28 5.1 Evolution of the positive potential solution 30 5.2 Evolution of the solutions with V_1 + V_2 < 0 31

6. Explicit examples and their phenomenology 32 6.1 New inflation model 35 6.2 Chaotic inflation model 36

A. Classification of dS_5 and AdS_5 solutions

in conformal gauge 38

B. Classification of solutions with constant periodic functions in conformal gauge 42

C. Classification of solutions in arbitrary gauge 45

D. Bulk slow-roll for the static orbifold solution 49

1. Introduction

Over the past couple of years there has been much interest in the cosmological consequences of models in which the standard model of particle physics is located on a brane embedded in a higher-dimensional bulk. So far, the most popular of these models have been ones in which the universe has topology M_4 × S^1/Z_2 motivated by Hořava-Witten theory [1, 2, 3] compactified on a Calabi-Yau 3-fold [4, 5, 6]. To achieve gauge-unification at ∼ 10^{16} GeV and a Planck scale of ∼ 10^{19} GeV, this theory requires that the orbifold radius is roughly two orders of magnitude larger than the length scale of the Calabi-Yau [3]. Furthermore, the orbifold is currently at an energy scale which may have been accessible during inflation. If the scale of extra dimensions is indeed ∼ 10^{14} GeV or higher, ground-based accelerators seem to have little prospect of directly observing their effects in the forseeable future. Therefore there is great interest in looking for cosmological signatures that are likely to arise from the different evolution in the five- and fourdimensional regimes.

For the reason mentioned above, inflation seemed a natural place to begin the investigation. The first steps were taken in ref. [7] where explicit five-dimensional background solutions were derived for the case of an empty bulk, with the branes each supporting scalar potentials. More general solutions including bulk potentials were found in e.g. refs. [8]–[17]. These solutions couple to constant bulk and brane potentials and, therefore, relate to realistic brane-world inflation in much the same way four-dimensional de Sitter space relates to four-dimensional slow-roll inflation.

The main goal of the present paper is to develop a more realistic framework for brane-world inflation. Our procedure to do this will be analogous to the one employed in the four-dimensional context, where three major steps are involved. It may be helpful in the following to briefly recall what these steps are in the familiar four-dimensional setting. First, one needs to find a cosmological solution which couples to a constant positive potential. In four dimensions, the only possibility is dS_4, of course. Secondly, one needs to find approximate solutions “near” dS_4 with a slowly varying scalar field potential, in short, one needs to analyze the slow-roll approximation. Thirdly, one needs to find a way to end inflation and the theory needs to relax into its vacuum state corresponding to a vanishing scalar potential. While this is quite familiar and straightforward in four dimensions, the analogous steps in five dimensions are far less trivial, as we will see.

Our analysis will be performed in the context of the five-dimensional braneworld model first introduced in ref. [7]. As mentioned, this model is based on the orbifold S^1/Z_2 and is motivated by Calabi-Yau compactifications of heterotic Mtheory [4, 5, 6]. In the simple version to be used in this paper, the model has a single bulk scalar field ϕ with bulk potential V (ϕ) and one scalar ϕ_i with potential

V_i(ϕ, ϕ_i) on each of the two boundaries labeled by i = 1, 2. Note that we generally take the boundary potential V_i to depend on the bulk scalar ϕ, as well as on the boundary scalar ϕ_i.

For any theory involving branes, it is always possible to geometrically project the full theory onto one of the branes. An observer confined to the brane who sees such a projected theory may notice many interesting phenomena, such as non-standard cosmology [10] and even antigravity [33]. These may all be viewed as consequences of information from the bulk influencing the behaviour of the brane, and in this sense the projected theory is still aware of the higher-dimensional theory. If a full description of the higher-dimensional dynamics is known, then an exact solution of the projected theory may always be obtained by restricting the complete solution to the appropriate brane. At low energies however, there will also be a description in terms of fourdimensional effective theories, valid when all higher Kaluza-Klein cease to play a role. Such a theory will be truly four-dimensional in the sense that it possesses a vacuum state with four-dimensional Poincaré symmetry and excitations about this vacuum satisfy the usual four-dimensional Einstein equations and other field equations.

It is these effective four-dimensional theories that we expect to describe the evolution of the late universe and which are vital to extract concrete predictions from brane-world models. For simplicity we restrict ourselves to vacuum states which couple to constant potentials V , V_i. Then there are two types of vacua which arise for specific values of the potentials, namely five-dimensional Minkowski space for V = V_1 = V_2 = 0 and the warped vacuum due to Randall and Sundrum [18] for V_1 = −V_2 = ± √ 12|V |. In this paper, for simplicity, we will be mostly concerned with the flat Minkowski vacuum. This also seems appropriate in the M-theory context since the flat vacuum can be viewed as an approximation to the domain wall vacuum of heterotic M-theory [5]. However, most of the methods and ideas presented in this paper should analogously apply to warped vacuum states.

Let us now return to the three steps towards a realistic framework for inflation mentioned above and discuss them separately in the context of our brane-world model. First we need to find cosmological solutions which couple to constant potentials V , V_i. Clearly there is a variety of possibilities and, hence, the situation is far more complicated than in four dimensions. In this paper, we will focus on solutions which are part of dS_5 or AdS_5, for simplicity. Again, we expect that our ideas can analogously be applied to the Schwarzschild-(A)dS_5 solutions found in ref. [16, 11] and it would be interesting to carry this out explicitly. We will systematically classify the solutions of (A)dS_5 type particularly in relation to a number of properties essential for our subsequent discussion, such as the existence of solutions with static orbifold and the allowed ranges for the potentials V , V_i.

Secondly, we will be implementing slow-roll of the various scalar fields for the most interesting of those solutions. While there are some discussions of brane-world slow-roll in the literature [19, 20] they generally focus on slow-roll on a single brane.

Here, we will consider the the full five-dimensional background where we allow for slow-roll of both boundary scalars as well as the bulk scalar. Particularly the latter, being a five-dimensional field, complicates matters significantly and makes the analysis much more involved than it is in four dimensions.

Finally, we need to understand how to end inflation and approach the (flat) vacuum state in order to make contact with the four-dimensional effective theory that governs the late evolution of the universe. In this context, it is perhaps worth pointing out that the background solutions under discussion do not have an effective four-dimensional description for most values of the potentials V ,V_i. That is to say, generically, they cannot be understood as solutions of an effective four-dimensional theory which involves a finite number of (zero mode) fields. The reason for this is of course the existence of the brane potentials V_i which constitute sources localized in the orbifold and which excite Kaluza-Klein modes in a non-thermal, coherent way. Clearly, unlike thermal excitations, these coherent modes are not diluted away by inflation. It is only if we go to a region of solution space where the potentials V_i (and, hence, the coherent Kaluza-Klein excitations) are sufficiently small (in a sense to be made precise later) that we can hope for an effective four-dimensional description. All this is in contrast to inflation in a more traditional Kaluza-Klein setting without branes. There, the Kaluza-Klein modes can always be set to zero consistently and the dynamics is governed by an effective four-dimensional theory for the zero modes.

Of course, the early universe is not well enough understood to be able to assert that it must look four-dimensional by the end of inflation. A conservative estimate would say that nucleosynthesis [21, 22] is the earliest time at which we may be sure standard cosmology applies. However, in part motivated by the energy scales of Hořava-Witten theory, in this paper we will indeed look for inflationary solutions that do evolve from a five- to a four-dimensional regime during inflation. This has the advantage of allowing us to follow an explicit cosmological solution to the full five-dimensional theory as it evolves, and then match it on to standard cosmology once a 4D description applies. It is only when one has such an explicit background that it is possible to apply the formalism developed in refs. [23]–[26] to describe the evolution of cosmological fluctuations during the five-dimensional era and predict how they would appear in the CMB today.

Our search for such backgrounds will proceed in two steps. Based on the classification of solutions, we will first analyze how the properties of a given class change as we vary the constant potentials V and V_i “by hand”. This way, we single out certain classes which are generically five-dimensional but develop an effective fourdimensional description in certain regions of the V , V_i parameter space. For those regions, we will determine the corresponding solution to the four-dimensional effective action. Of course, since the universe is dynamic, the mere existence of such regions of parameter space is insufficient. For the solutions to be realistic, it is also necessary that they actually evolve towards this region. Since we wish to know whether the background solutions dynamically evolve towards a four-dimensional description, it is obviously not appropriate to study slow-roll within a four-dimensional context from the start. We will therefore apply our results for five-dimensional slow-roll to single out appropriate backgrounds. As an additional complication, it is necessary to ensure that slow-roll does not attempt to take the full solution out of the region of parameter space for which it is valid.

Let us now summarize our main results. Our classification of (A)dS_5 background solutions leads us to consider four different types of solutions specified by the signs of V and V_1 + V_2 which turn out to have quite different properties. We explicitly determine all solutions for these four classes. Most notably, we show that for the case V > 0 and V_1 + V_2 > 0 no non-singular static orbifold solution or separating solution exists. However, we do find non-separating solutions with dynamical orbifold in this case. To our knowledge, these are the first (A)dS_5 solutions which allow one to have all potentials positive, that is V > 0 and V_i > 0 where i = 1, 2. Under certain additional assumptions, we show that similar statements hold for the case V < 0, V_1 + V_2 > 0. Another general results concerns the ratios ρ_i ≡ V_i/ √ 12|V |. We show that solutions with V < 0 only exist if the boundary potentials satisfy the additional constraints |ρ_i| ≥ 1 and V_1V_2 < 0. No such constraints apply to the case V > 0 where V_1 and V_2 can be chosen arbitrarily.

Which of these solutions exhibit a four-dimensional limit with respect to the flat vacuum state? As a general rule of thumb, we find that such a limit can only be realized in the region of parameter space characterized by |ρ_i| ≪ 1. This basically excludes all solutions with V < 0 as they require |ρ_i| ≥ 1. Further, for solutions with V > 0, being in the region where |ρ_i| ≪ 1 is a sufficient condition for exhibiting a D = 4 limit as long as the orbifold is static. For a dynamical orbifold, on the other hand, having |ρ_i| ≪ 1 often leads to a four-dimensional limit only within a certain time range. This is precisely what happens for solutions with V > 0 and V_1 + V_2 > 0 which, as we have mentioned, always have a dynamical orbifold. However, within the class V > 0 and V_1 + V_2 < 0, we do find examples exhibiting a D = 4 limit whenever |ρ_i| ≪ 1. For each of these solutions, we examine the regime where they possess a four-dimensional description, and explicitly calculate the four-dimensional metric. For static orbifold cases, the four-dimensional limit is simply dS_4 while for dynamical orbifold we typically find power-law expansion.

In order to study how these models evolve during inflation, we have undertaken a thorough investigation of the slow-roll conditions that should be imposed on the fields to make the background solutions consistent. For the bulk scalar field ϕ, this task is significantly more complicated than in the standard four-dimensional case. This is partly because the form of the background metrics means it is impossible to consider ϕ as independent of the orbifold co-ordinate and partly because there are boundary conditions (analogous to the Israel conditions on the metric) that ϕ must satisfy at each of the branes. We have found the appropriate slow-roll equation for ϕ and its general bulk solution. The form of this is somewhat complicated and hence we find explicit solutions to the boundary conditions in two cases; when the bulk and brane potentials are related by V_i = U_i(ϕ_i)[V (ϕ)]^{1/2} and for arbitrary potentials where the background metric has a static orbifold radius.

Finally, we have combined the above results to study the dynamical transition from five to four dimensions. From our statements above it is clear that this involves having the scalar fields slow-roll such that the quantities |ρ_i| evolve from values |ρ_i| ≥ 1 at the beginning of inflation to |ρ_i| ≪ 1 at the end. Seemingly, the solution with all potentials positive is the most attractive to dynamically realize such an evolution. We find that this solutions indeed rolls towards the Minkowski vacuum. Unfortunately, because of the expanding orbifold, the solution becomes again fivedimensional after a certain critical time corresponding to a few e-folds, at most. Therefore, for this solution, most of inflation takes place in five-dimensions and the transition to D = 4 must happen during either (p)reheating or radiation domination. At present we do not possess explicit solutions to the five-dimensional equations during these epochs, and so for now we must set this solution to one side.

This leaves us with the solutions for V > 0 and V_1 + V_2 < 0. At first, it seems impossible that slow-roll allows us to evolve close to the Minkowski vacuum at all in those cases — how can the negative brane potential which is required roll “uphill”? We show that this can happen so long as the brane potential depends on the bulk scalar field ϕ more strongly than √ V (ϕ) and less strongly than V (ϕ)^2. If this is true, then there is no objection to a four-dimensional description at the end of inflation. This leads to one of the main results of this paper — we present a background solution that undergoes arbitrarily many e-folds of five-dimensional inflation and is slowrolling to a four-dimensional description before inflation ends. However, we also point out that there remains a problem with the stability of the background solution which is closely related to the problem of how to stabilize the orbifold. As a concrete application, we demonstrate how the transition occurs for two simple choices of bulk scalar potential, a “new inflation” model with V (ϕ) = M^2 −^1_2 m^2ϕ^2 + · · · and a “chaotic” model with V (ϕ) =^1_2 m^2ϕ^2. The purpose here is not to claim that these potentials are realistic, but simply to show explicitly how the transition to four dimensions occurs. Interestingly, for the two potentials, the transition occurs at different rates, and at different stages of inflation. It is conceivable that still different behaviour would be exhibited by other potentials, such as those inspired by supersymmetry [27].

After this transition, the solutions behave as either dS_4 or power-law inflation, depending on the behaviour of the orbifold radius. For the first time, this solution allows one to make contact between the physics of perturbations in brane-world models and standard four-dimensional cosmology.

The paper is organized as follows. In section 2 we review the five-dimensional action which constitutes the starting point for our investigation. This may be familiar to many readers and is included for completeness. Section 2.2 outlines the procedure for obtaining both the four-dimensional theory based on the Minkowski vacuum and the general conditions for a five-dimensional solution to have an effective four-dimensional limit. In section 3 we categorize all the five-dimensional solutions with (A)dS_5 bulk geometry according to the signs of their potentials. The calculations underlying this categorization are somewhat technical and can be found in appendices A, B and C. Next, we focus our attention on the solutions with V > 0 and derive their four-dimensional limits in accordance with the general theory of section 2.2. In section 4 our attention shifts to establishing the general slow-roll conditions. Section 5 then discusses how each of the V > 0 solutions evolves under slow-roll and whether it is possible for them to achieve ∼ 65 e-folds of inflation combined with a transition to D = 4. Finally, in section 6 we study the behaviour of a certain class of solutions that has met all the criteria, showing explicitly how the four-dimensional transition occurs. This final section is somewhat self-contained and includes a brief review of the main results of the rest of the paper for those readers who may be more interested in brane-world phenomenology then technical details.

2. The theories

This section will briefly review the five-dimensional theory, first proposed in ref. [7], that forms the basis for our investigation of cosmology in the presence of branes. After specifying the vacuum states of this theory, we derive the effective four-dimensional theory associated with the flat vacuum state. This effective action forms the low energy limit of the theory which one expects to govern the late “standard” evolution of the universe.

2.1 The five-dimensional action The action for our five-dimensional theory is given by

S_5 = − 1 2κ^2_5 [∫ M5 √ −g [ R + 1 2 ∂_αϕ∂^αϕ + V (ϕ) ] + + 2∑ i=1 ∫ Mi4 √ −g [ 1 2 ∂_μϕ_i∂^μϕ_i + V_i(ϕ_i, ϕ_i) ]] . (2.1)

Co-ordinates x^α with indices α, β, γ, . . . = 0, . . . , 3, 5 label the bulk space M_5. The fifth dimension is compactified on a circle with coordinates y ≡ x^5 ∈ [−R, R] and the endpoints of the interval identified. As usual, the orbifold S^1/Z_2 is obtained by implementing the Z_2 action y → −y. The branes M^i_4, i = 1, 2 are located at the fixed points y = y_i = const of the orbifold, where y_1 = 0 and y_2 = R. Four-dimensional coordinates longitudinal to the brane will be denoted by x^μ with μ, ν, . . . = 0, . . . , 3. With our normalization, the brane scalar fields and potentials have mass dimensions −1/2 and 1, respectively, whereas the bulk scalar fields and potentials have mass dimensions 0 and 2. The above action is motivated by five-dimensional heterotic

M-theory [4] and is designed to capture the main properties of this theory which are essential for cosmology. Within heterotic M-theory, the potentials V and V_i have certain universal parts depending on the dilaton which we have not made explicit, for simplicity. Also, there are further perturbative contributions to V_i which are, in principle calculable but rather model-dependent. Some progress has been made in ref. [28, 29, 30] towards understanding the bulk potential V which, apart from its universal piece, is of non-perturbative origin. In view of the model-dependence of all these considerations, here we will view V and V_i as arbitrary, and look to specify what properties they should have in order to be cosmologically viable. Notice in particular that the brane scalar field potential may in general depend on both the brane and bulk scalar fields.

We take the most general Ansatz for the metric consistent with a homogeneous, isotropic, three-dimensional universe with the additional simplification of spatial flatness as we expect to be appropriate during inflation.^1 Our metric Ansatz is then given by ds^2_{(5)} = −e^{2ν(τ,y)}dτ^2 + e^{2α(τ,y)}δ_{ij}dx^idx^j + e^{2β(τ,y)}dy^2 . (2.2) Using this Ansatz while varying the above action leads to the following Einstein equations

3e^{−2ν}(α̇^2 + α̇β̇) − 3e^{−2β}(α^{′′} − α^′β^′ + 2α^{′2}) = 1 4 e^{−2ν}ϕ̇^2 + 1 4 e^{−2β}ϕ^{′2} + 1 2 V , (2.3)

e^{−2ν} (2α̈ + β̈ + (3α̇ + 2β̇ − 2ν̇)α̇ + (β̇ − ν̇)β̇) − (2.4)

− e^{−2β}(2α^{′′} + ν^{′′} + (3α^′ − 2β^′ + 2ν^′)α^′ + (ν^′ − β^′)ν^′) = − 1 4 e^{−2ν}ϕ̇^2 + 1 4 e^{−2β}ϕ^{′2} + 1 2 V , 3e^{−2ν} (α̈ − ν̇α̇ + 2α̇^2) − 3e^{−2β}(α^{′2} + ν^′α^′) = − 1 4 e^{−2ν}ϕ̇^2 − 1 4 e^{−2β}ϕ^{′2} + 1 2 V , (2.5)

(α̇^′ + α̇α^′ − α̇ν^′ − β̇α^′) = − 1 2 ϕ̇ϕ^′ (2.6)

and scalar field equations in the boundary picture

e^{−2ν} (ϕ̈ + (3α̇ + β̇ − ν̇)ϕ̇) − e^{−2β}(ϕ^{′′} + (3α^′ − β^′ + ν^′)ϕ^′) = −∂_ϕV , (2.7) ϕ̈_i + (3α̇ − ν̇)ϕ̇_i = −e^{2ν} ∂_{ϕi} V_i . (2.8)

Here a dot (prime) denotes differentiation with respect to τ (y). These bulk equations are subject to the boundary conditions e^{−β}α^′ |_{y=yi} = ∓ 1 12 [ 1 2 e^{−2ν}ϕ̇^2_i + V_i ] y=yi , (2.9) e^{−β}ν^′ |_{y=yi} = ∓ 1 12 [ − 5 2 e^{−2ν}ϕ̇^2_i + V_i ] y=yi , (2.10) e^{−β}ϕ^′ |_{y=yi} = ± 1 2 [∂_ϕV_i]_{y=yi} , (2.11)

1For certain solutions it will be trivial to drop this restriction.

where the upper (lower) sign applies at the first (second) brane located at y = 0 (y = R). These conditions describe permissible discontinuities in the gradient of the metric and bulk scalar field in the y-direction caused by their coupling to the energy-momentum tensors and fields on the branes.

The five-dimensional action (2.1) is well known to admit two types of vacuum states which couple to constant potentials V , V_i and respect four-dimensional Poincaré invariance. The first is simply five-dimensional Minkowski space, which requires V = V_1 = V_2 = 0, and the second is the Randall-Sundrum vacuum [18] with metric ds^2_{(5)} = e^{−2ky}η_{μν}dx^μdx^ν + dy^2 , (2.12)

where k = √ −V/12, which is a solutions provided V_1 = −V_2 = ± √ −12V with our normalisation of the potentials. Near each of these vacua we have a fourdimensional effective theory which describes the zero-mode dynamics of the respective vacuum state. This four-dimensional description is typically valid as long as all four-dimensional momenta are smaller than the mass of the first Kaluza-Klein mode of the vacuum state, so that the excitation of Kaluza-Klein modes is negligible. In this paper, we focus on the flat vacuum state which can also be viewed as an approximation to the domain-wall vacuum of five-dimensional heterotic M-theory. However, many of the concepts presented in this paper should analogously apply to the warped vacua of ref. [18], although handling the details will be more complicated. It would be interesting to work this out explicitly.

From (2.9) and (2.10) it is clear that any solution of the five-dimensional equations of motion will be inhomogeneous in the orbifold direction whenever the branes’ energy-momentum tensors are non-negligible. This inhomogeneity corresponds to a coherent excitation of Kaluza-Klein modes. Therefore, from a five-dimensional viewpoint, smallness of the brane energy-momentum tensors is a necessary condition for Kaluza-Klein modes to be negligible and, hence, for the validity of the D = 4 effective theory.

2.2 The four-dimensional low-energy description

Let us now review the four-dimensional effective action associated with the flat vacuum state. This low-energy description should be distinguished from the apparent four-dimensional view one arrives at by projecting the full theory onto one of the orbifold fixed planes. In the latter picture, an observer on the brane may perceive many non-conventional phenomena, including coupling to gravity via the five-dimensional Newton constant κ^2_5, non-local effects from the bulk encoded in the projected Weyl tensor E_{μν} and even antigravity on a negative tension brane [31, 32, 33]. These effects are a consequence of the brane being embedded in a higher-dimensional bulk, a situation which can obviously influence the physics on the brane. In this paper, we will be working with a field content that is simple enough to provide explicit solutions to the full five-dimensional theory. By projecting these solutions onto one of the branes, it is in principle possible to recover all the effects discussed above (although actually no non-local effects will be present because of the high degree of symmetry of our solutions). If more complicated evolution were being considered, in general it is an extremely difficult task to find complete bulk solutions, and then ones’ best hope is to attempt to infer various properties of the theory by looking at one of the branes. Since it is simply a geometrical projection, the theory on the branes may always be found, but the presence of the effects mentioned above means that it does not obey, for example, standard four-dimensional Einstein gravity.

Exactly as with a standard Kaluza-Klein theory, in certain cases it may happen that the five-dimensional solution evolves in such a way as to make all higher Kaluza- Klein modes negligable. If and only if this is the case, a low-energy four-dimensional description becomes permissable. It is this low-energy theory, together with the conditions for its validity, that we wish to discuss in this section.

As always in the presence of branes, and unlike a pure Kaulza-Klein theory, the KK modes around the vacuum cannot be set exactly to zero in a consistent way. However, under the conditions stated in the previous section, they constitute small excitations which can be neglected. It is then appropriate to perform a reduction to D = 4 using the vacuum solution

ds^2 = ḡ_{μν}dx^μdx^ν + e^{2β̄}dy^2 , ϕ = ϕ̄ (2.13)

with the slowly-varying collective modes β̄ = β̄(x^μ), ḡ_{μν} = ḡ_{μν}(x^μ) and ϕ̄ = ϕ̄(x^μ) inserted. Defining the four-dimensional fields

g^{(4)}_{μν} = e^{−β̄}ḡ_{μν} , T = e^{β̄} , S = e^{ϕ̄} , C_i ≡ √ M^3_5 3 ϕ_i (2.14)

one finds for the effective action

S_{(4)} = − 1 16πG_N ∫ M4 √ −g_4 [ R_4 + 3 2 T^{−2}∂_μT ∂^μT + 1 2 S^{−2}∂_μS∂^μS ] −

− ∫ M4 √ −g_4 [ 1 2 2∑ i=1 K_i∂_μC_i∂^μC_i + V_4 ] (2.15)

with the four-dimensional potential

V_4 = 1 2T^2 2∑ i=1 V_{4i} + 1 T RM^3_5 V . (2.16)

Here the boundary potentials V_{4i}, normalized to four mass dimensions, are defined by V_{4i} = M^3_5 V_i and the four-dimensional Newton constant is G_N = 1/16πRM^3_5 . The “Kähler metrics” K_i are given by K_i = 3/2T . The above action is a lowest-order expression and receives corrections from small but non-vanishing Kaluza-Klein modes which have to be integrated out. These corrections can be computed explicitly, see for example [34, 35], but they will not be essential in context of this paper. As usual, the conformal rotation of the four-dimensional metric performed in eq. (2.14) is required if the action (2.15) is to have a canonically normalized Einstein term. Equivalently, one could work with a Brans-Dicke type action with the time variation of the Newton constant then controlled by the modulus T . In this paper, we prefer to consider the standard Einstein-frame action in four-dimensions.

The action (2.15) contains four-dimensional gravity plus various scalar fields, and represents our model for “standard cosmology”.

Now that we have presented the five-dimensional theory and its four-dimensional effective theory in general, let us see how the relationship works on the level of individual solutions. We start with an arbitrary solution of the five-dimensional theory, specified by a certain metric g_{αβ}, a bulk scalar field ϕ and boundary scalars ϕ_i. Of course, most of the five-dimensional solutions cannot be understood as solutions of the four-dimensional effective theory, simply because they cannot be cast in the form (2.13). For example, if the brane stress energy is large, the five-dimensional solution will have a strong dependence on the orbifold coordinate which prevents it from being “near” the flat vacuum. This means, in particular, that cosmological backgrounds describing the evolution of the universe may (and typically will) start in a regime which is genuinely higher-dimensional, that is, which has no description in terms of the zero-mode action (2.15) or any other four-dimensional action with a finite number of fields. However, under specific conditions a five-dimensional solution may have a four-dimensional description. How can this be explicitly tested? Let us split our five-dimensional solution according to

g_{αβ} = ḡ_{αβ} + g̃_{αβ} , (2.17) ϕ = ϕ̄ + ϕ̃ (2.18)

into bared fields corresponding to the orbifold average of the full fields and the y-dependent remainder denoted by a tilde. Obviously, this decomposition can be applied to any D = 5 solution and the first, averaged part is automatically in the nearvacuum form (2.13). To have a four-dimensional description we should then obviously require that the y-dependent part is somehow small. A practical way of checking this is to insert the decomposition (2.17) and (2.18) into the five-dimensional equations of motion (2.3)–(2.11) and to require the terms involving tilded fields to be negligible compared to terms involving only bared fields. The remaining, bared terms then basically correspond to the equations of motion associated to the four-dimensional effective theory (2.15) showing that the averaged fields are an approximate solution of this effective theory. As an example, typical conditions to be checked are

e^{β̃} ≪ 1 , ˙β̃ ≪ ˙β̄ (2.19)

and similar ones for the metric components. If these conditions are satisfies a fourdimensional description of the solution in terms of the effective theory (2.1) is possible. Clearly, for many five-dimensional solutions one expects those conditions to hold only in certain regions of the parameter and coordinate space. For example, a solution which is genuinely five-dimensional at early time may evolve to become effectively four-dimensional later on. It is precisely this transition between five and four dimensions that we are after in the present paper. More specifically, we would like to analyze the possibility of such a transition in the context of inflationary solutions to our five-dimensional theory (2.1).

3. Five-dimensional solutions and their four-dimensional limits

In this section we will examine cosmological solutions to our action (2.1) with all scalar fields and, hence, the potentials V , V_i being constants. This is the first step towards finding inflationary backgrounds. Varying potentials through scalar field slow-roll will be implemented as a second step later on. Such cosmological solutions to the action (2.1) coupling to constant potentials have been first presented in ref. [7] for the case of vanishing bulk potential. Subsequently, other solutions with (A)dS_5 and (A)dS_5-Schwarzschild bulk geometry have been found, see, for example refs. [8, 9, 10, 11, 15, 16]. Here, we focus on the class of solutions with (A)dS_5 bulk geometry and we will systematically list all possibilities. Particular emphasis is put on examining properties which are of relevance for our subsequent discussion such as existence of static-orbifold solutions and allowed ranges for the potentials V and V_i. Following our general prescription outlined in the previous section, we will also check the existence of four-dimensional limits and calculate the corresponding four-dimensional solutions where appropriate.

3.1 General properties

In order to solve the equations of motion, it is essential to note the existence of a first integral [36] which, in conformal gauge ν = β, is given by

α̇^2 − α^{′2} = ( V 12 + 4Ce^{−4α} ) e^{2β} . (3.1)

Here, C is an arbitrary integration constant and solutions with (A)dS_5 bulk geometry can be singled out by setting C = 0. The details of the classification are somewhat

Bulk Potential Brane Potentials Constraints?

V > 0 V_1 + V_2 > 0 no non-singular solutions V > 0 V_1 + V_2 < 0 no further constraints V < 0 V_1 + V_2 > 0 no non-singular solutions known V < 0 V_1 + V_2 < 0 |V_i| > √ 12|V |; V_1V_2 < 0

Table 1: Solutions with a static orbifold radius.

technical and are, therefore, provided in the appendices A, B and C. Here, we would like to summarize the main results. The structure of the solution suggests four sub-classes specified by the signs of V and V_1 + V_2. These sub-classes have quite different properties, particularly with respect to the existence of static-orbifold solutions. The situation concerning such solutions is summarized in table 1. It is particularly remarkable that no non-singular static-orbifold solution exists in the first case, where V > 0 and V_1 + V_2 > 0. Hence in case of all potentials being positive, a situation which seems to be quite attractive in view of inflation, the orbifold is necessarily evolving in time. It is important to realize that these results originate from global properties of the embeddings of the branes in the background (A)dS_5 geometry. In particular, they would be missed if we were to restrict our attention to just one of the branes. We also demonstrate in appendix C that singular solutions with static orbifold and V > 0, V_1 + V_2 > 0 exist. The singularity then typically implies a horizon separating the two branes. However, we will not make any explicit use of such exotic solutions in the following. A similar no-go theorem excludes the existence of static-orbifold solutions in the case V < 0, V_1 + V_2 > 0 as long as the metric is restricted to conformal gauge. However, the obstruction disappears when arbitrary gauge choices are considered and, although we have not constructed an explicit example, we expect static-orbifold solutions to exist under those more general circumstances.

The situation concerning arbitrary solutions with static or non-static orbifold is presented in table 2. We note that there are no further constraints on the potential values as long as V > 0 so that solutions exist for all values V > 0 and V_i arbitrary. Particularly, we have found solutions for V > 0, V_1 +V_2 > 0 which are non-separating and have a dynamical orbifold in accordance with the above no-go theorem. One notes that the situation is quite different for V < 0 where the potentials are further constrained by |ρ_i| ≪ 1 (where ρ_i ≡ V_i/ √ 12|V |) and V_1V_2 < 0.

Which of these solutions are of interest for our subsequent discussion? As we have mentioned, we would like to consider solutions which have a chance of evolving “near” the flat vacuum state of our five-dimensional theory. A necessary condition for this to happen is that a given solution becomes effectively four-dimensional in a particular region of the parameter space spanned by V , V_i. In this section, this will be checked following the procedure described in section 2.2. Whether an existing

Bulk Potential Brane Potentials Constraints?

V > 0 V_1 + V_2 > 0 no further constraints V > 0 V_1 + V_2 < 0 no further constraints V < 0 V_1 + V_2 > 0 |V_i| > √ 12|V |; V_1V_2 < 0 V < 0 V_1 + V_2 < 0 |V_i| > √ 12|V |; V_1V_2 < 0

Table 2: General Solutions.

D = 4 limit, obtained if potentials are adjusted to a specific range “by hand”, can actually be reached dynamically is a different matter and will be analyzed later in the context of slow-roll evolution.

It seems unlikely, that solutions with V < 0 will evolve towards a flat D = 4 limit and there is, in fact, a formal argument supporting this. As is intuitively clear and will be exemplified below, that one typically needs to be in the limit |ρ_i| ≪ 1 of the parameter space to have a D = 4 description for a particular solution. However, as we have seen, solutions for V < 0 exist only provided that |ρ_i| ≥ 1. We, therefore, remain with the solutions for V > 0 which do exist in the limit |ρ_i| ≪ 1. During slow-roll, one expects that the scalar fields will roll downhill, so the criteria that we wish to end up near a state where all potentials are zero seems to indicate that we should consider the case where all potentials are positive initially. These simply dynamical considerations seems to restrict us further to the case where V > 0 and V_1 + V_2 > 0. In fact we shall see that there is also another, somewhat surprising possibility, namely that a negative brane potential may be pushed ‘uphill’ towards zero. This then allows consideration of a solution where V > 0 but V_1 + V_2 < 0. Let us, therefore, discuss the two cases V > 0, V_1 + V_2 > 0 and V > 0, V_1 + V_2 < 0 separately in some detail.

3.2 Solution with V > 0 and V_1 + V_2 > 0

The solutions of this type are explicitly given in appendix B and repeated here for convenience ds^2_5 = 1 f^2 { 1 k^2 ξ^2e^{2ξτ} (−dτ^2 + dy^2) + dx^2 } , (3.2)

where

f = σ + e^{ξτ} cosh [ (A_1 + A_2) y R − A_1 ] , (3.3) ξ = |A_1 + A_2| R , (3.4) A_i = arcsinh(ρ_i) (3.5)

and k = √ V/12. If we want V_1 + V_2 > 0, then f must be negative in order for the solution to fit to the boundary conditions, as shown in appendix B. This excludes the choice σ = 0, which would lead to a separating solution with static orbifold. Instead the constant σ must be strictly negative and we have a non-separating solution with a dynamical orbifold. Although the metric (3.2) looks complicated, it is just dS_5 as may be explicitly verified using the coordinate transformations given in appendix C. We note, that the solution as given in appendix B leaves the sign of ξ ambiguous. Here, we have focused on the case ξ > 0 since it corresponds to an expanding threedimensional universe. The opposite case, ξ < 0, simply represent the time-reversal of this solution.

For any choice of (negative) σ, the metric (3.2) represents a valid solution whilst f remains negative, that is, for time values τ satisfying |ξ|τ ∈ ( −∞, ln [ −σ √ 1 + ρ^2_{max} ]) (3.6)

and it becomes singular towards each of these limits. Calculating the expansion rates of the brane and orbifold scale factors we find e^{−ν}α̇ |_{y=yi} = k √ 1 + ρ^2_i , (3.7) e^{−ν}β̇ = −kσe^{−kτ} (3.8) and therefore the orbifold is expanding more rapidly than the branes throughout the range of τ for which this solution exists.

There is an elegant geometric interpretation for solutions of (A)dS_5 type. For the case V < 0 this was first discussed in ref. [15] and one can proceed in an analogous way if V > 0. For our example, the branes are dS_4 hypersurfaces embedded in a background dS_5, with the bulk being that portion of dS_5 which lies between the two branes. The model may be visualized as two hyperbolae of curvature k √ 1 + ρ^2_i drawn on the surface of a hyperboloid of curvature k embedded in a six-dimensional Minkowski space. The initial singularity at τ = −∞ corresponds to an intersection of these two hyperbolae, from which they then diverge. The details of this embedding into six-dimensional Minkowski space are given in appendix C.

Let us now explicitly carry out the metric-splitting procedure to check for possible D = 4 limits, as described in section 2. We write

α = − ln [−g] − ln [ f g ]

= ᾱ + α̃ , (3.9) and β = − ln [ − k ξ ge^{−ξτ} ] − ln [ f g ]

= β̄ + β̃ , (3.10) where g is defined as^2 g = σ + e^{ξτ} . (3.11)

In order for the y-independent terms ᾱ and β̄ to be a good approximation to the true solution, the equations of motion show that we should require ˙α̃ ≪ ˙ᾱ, ¨α̃ ≪ ¨ᾱ, ˙β̃ ≪ ˙β̄, ¨β̃ ≪ ¨β̄ and e~_β ∼ 1. These conditions show that there is an upper critical

time limit prior to which this description must become valid, given by τ ≪ τ_c ≡ 1 ξ ln [ σ − 2σ √ 1 + ρ^2_{max} ] , (3.12)

where ρ_{max} is the larger of the two ratios of the potentials. This expression only exists if ρ_{max} < √ 3, so there can only ever be a four-dimensional description if both ratios |ρ_i| are less than √ 3. If we want this description to be valid at late times, then we will in fact need ρ_i ≪ 1.

The interpretation is simple. When τ ≪ τ_c the solution admits a four-dimension-al description. This is because the exponential in the denominator of the true solution (3.2) is extremely small when τ ∼ −∞ and hence the metric may be taken as y-independent. As τ progresses from −∞, this exponential becomes larger making the y-dependent cosh term more crucial, until, as τ → τ_c, a four-dimensional description is no longer possible. This can also be understood in terms of the geometrical interpretation. At early times, shortly after the brane-collision, the bulk samples only a small portion of the dS_5 hyperboloid and, therefore, appears approximately flat in the orbifold direction. As the branes diverge this portion increases and, after the critical time, becomes so large that the D = 4 approximation breaks down.

It will prove useful later to interpret (3.12) in terms of co-moving time on one of the branes. The induced metric on the branes takes the form

ds^2_{brane,i} = −dt^2 + exp ( 2kt √ 1 + ρ^2_i ) dx^2 (3.13)

with t ∈ (− ln(−σ), ∞) between the initial and final singularities. In terms of comoving time on this brane, a four-dimensional description of the complete theory is valid until t approaches a critical time

t −→ t_c = 1 k √ 1 + ρ^2_i ln [ 1 σ − σ √ 1 + ρ^2_i ] (3.14)

which again only falls in the range of t covered by our solution if ρ_i < √ 3. 2There is a subtlety here. Why have we chosen to represent the cosh by 1 in g? Actually, it is possible to replace the cosh by any number c with 1 ˇ c ˇ p1 + ρ^2_{max}. Such an alternative replacement would change the details of the following calculation; in particular there is some freedom in the value of the critical time τ_c. However, it will not affect our main results.

If the above constraints are satisfied, then eq. (2.14) shows that this solution has an effective four-dimensional description with metric

ds^2_4 = − ξ k 1 (σe^{−ξτ} + 1)^3 ( − ξ^2 k^2 dτ^2 + e^{−2ξτ} dx^2 ) (3.15)

and T -modulus T = − ξ k 1 (σe^{−ξτ} + 1) . (3.16)

The conformal factor makes it difficult to express the metric in terms of fourdimensional co-moving time t_4 for all τ. It is clear, though, that is does not represent dS_4 but is rather conformal to dS_4 due to our Weyl rotation to the D = 4 Einstein frame. At any rate, the above metric and T modulus represent an exact solution of the D = 4 effective action (with the other scalar fields being constant), as can be explicitly checked. Further, it is easy to verify that as τ → 0 (a limit we may only consider because the requirement ρ_i ≪ 1 means that the original metric does not become singular until τ → 0) the four-dimensional metric (3.15) displays power-law expansion with scale-factor ∼ t^3_4 in terms of the four-dimensional co-moving time t_4.

In summary, we have seen the first example of a dS_5 brane-world solution which displays a four-dimensional limit under certain conditions. As expected we found that the parameters |ρ_i| have to be sufficently small for such a four-dimensional interpretation. In addition, however, this must arise prior tp a certain critical time beyond which no 4D limit exists. This additional time constraint is somewhat troubling given that one would like the late universe to be effectively four-dimensional. Unfortunately, it originates from the rapid expansion of the orbifold which cannot be avoided as long as V > 0 and V_1 + V_2 > 0.

3.3 Solutions with V > 0, V_1 + V_2 < 0

As mentioned earlier, naïvely one expects that in order to slow-roll down towards the Minkowski vacuum, it is necessary to consider the previous solution where all the potentials were positive. However, surprisingly it is also possible to approach the Minkowski vacuum from a state where one or both brane potentials are negative. We will discuss exactly how this may occur later, but first let us present the particular background metrics that we wish to consider and discuss their fourdimensional limits.

The metric here is closely related both to the previous solution (3.2) and to the solutions for V < 0 presented in ref. [9]. Again, focusing on the cases with expanding three-dimensional universe, we choose the solutions with ξ > 0 given in appendix B. Explicitly, they read with

ds^2_5 = 1 f^2 { 1 k^2 ξ^2e^{2ξτ} (−dτ^2 + dy^2) + dx^2 } (3.17) with f, ξ, A_i and k as defined in the previous subsection. For V_1 + V_2 < 0, the function f must now be positive as can be seen from appendix B. Hence, unlike for the case V_1 + V_2 > 0, this does not imply any restrictions on the constant σ, and for any choice of σ the metric (3.17) will be valid throughout the range of τ that is compatible with the requirement f > 0. If σ ≥ 0, then it is valid for all τ ∈ (−∞, ∞). If σ < 0, there is a singularity which leads to a semi-infinite time range ξτ ∈ ( −∞, ln [√ 1 + ρ^2_{min} |σ| ]) . (3.18)

Note in particular, that we are now free to choose σ = 0 which leads to a separating solution with static orbifold. A co-ordinate transformation of the form given in appendix C shows that this metric also has bulk geometry dS_5.

The brane and orbifold Hubble rates are found to be e^{−ν}α̇ | |_{y=yi} = k √ 1 + ρ^2_i , (3.19) e^{−ν}β̇ = −σke^{kτ} . (3.20) The three-dimensional space is always expanding, while the orbifold radius expands, contracts or is stationary depending on whether σ is negative, positive or zero, respectively. In the stationary case σ = 0, the physical orbifold radius is easily shown to be

R_{phys} = | | | | 2 k 2∑ i=1 arctan tanh ( A_i 2 )| | | . (3.21)

Again, we can give a geometrical description along the lines of ref. [15]. Realising dS_5 as a hyperboloid in six-dimensional Minkowski space, the dS_4 branes can be obtained as intersections of certain hyperplanes with this hyperboloid. If those two hyperplanes, or, equivalently, their normal vectors, are parallel we have a static orbifold solution which corresponds to setting σ = 0. Conversely, non-parallel normal vectors indicate a dynamical orbifold and correspond to solutions with σ ≠ 0. The mathematical details of this interpretation are worked out in appendix C.

As an aside, we note that for σ = 0 it is straightforward to generalize the metric (3.17) to include three-dimensional spatial curvature. One merely replaces e^{ξτ} by cosh(ξτ) or sinh(ξτ) for positive and negative spatial curvature, respectively. By doing so it is clear that as τ progresses, three-dimensional spatial curvature becomes negligible in this solution and working with flat three-dimensional sections, as we do, is a good approximation.

Let us again explicitly follow the metric splitting procedure outlined in section 2. This gives

α = − ln [g] − ln [ f g ]

= ᾱ + α̃ (3.22) and β = − ln [ k ξ ge^{ξτ} ] − ln [ f g ]

= β̄ + β̃ , (3.23)

where now g is defined as^3 g = σ + e^{ξτ} . (3.24) The properties of the four-dimensional limits of these solutions depend critically on σ. We will discuss the three cases separately.

• σ = 0 : This is the separating case with static orbifold. The only requirement to be in a D = 4 limit is simply that |ρ_i| ≪ 1. Due to separability, the higher Kaluza-Klein modes in the solution, corresponding to the y-dependent pieces, do not evolve relative to the zero modes. Hence, unlike in our previous case, there is no time limit by when the four-dimensional theory must become valid. Since the orbifold radius is static, the four-dimensional metric is just dS_4, that is,

ds^2_4 = ξ k { − ξ^2 k^2 dτ^2 + e^{2ξτ} dx^2 }

= T { −dt^2_4 + e^{2kt4} dx^2 } (3.25)

and the T -modulus is fixed as a constant T = ξ k . (3.26)

This represents an exact solution of the D = 4 effective action (2.15). Hence, we have seen our first example for a solution which is genuinely five-dimensional as long as ρ_i ≥ 1 and has an effective four-dimensional description for ρ_i ≪ 1 without any further constraint on time.

• σ > 0 : Again there is no time limit on the validity of a four-dimensional description, the only requirement being |ρ_i| ≪ 1. The four-dimensional metric is now ds^2_4 = ξ k 1 (1 + σe^{ξτ} )^3 { − ξ^2 k^2 dτ^2 + e^{2ξτ} dx^2 } , (3.27)

with T -modulus T = ξ k 1 (1 + σe^{ξτ} )

. (3.28)

As before, this constitutes a solution to the D = 4 effective action (2.15). Again, it is difficult to write the metric (3.27) in terms of four-dimensional comoving time t_4, but once more it is conformal to dS_4 with the T -modulus as a

3Again, we could choose a different constant to replace the cosh.

conformal factor. At early times when σe^{ξτ} ≪ 1, T is approximately constant, so the metric is close to dS_4. As τ → ∞ it is clear that t_4 ∼ −e^{−3|ξ|τ/2} so that t_4 ∈ (−∞, 0). When approaching the upper time limit, t_4 → 0, the scalefactor and the T modulus contract according to the power-laws a_4 ∼ (−t_4)^{1/3} and T ∼ (−t_4)^{2/3}. Altogether, this implies that the 4D limit corresponds to a negative time-branch solution which ends in a four-dimensional curvature singularity combined with a brane collision.

• σ < 0 : Here, the metric (3.17) possesses a singularity which arises at different finite times τ across the orbifold. Hence the Kaluza-Klein tower may be expected to have a significant effect on the validity of a four-dimensional description near this singularity. As for the solution with all positive potentials, this leads to a time-limit on the validity of a four-dimensional description given by τ ≪ τ_c ≡ 1 ξ ln [ 1 |σ| ] , (3.29)

in addition to requiring that |ρ_i| ≪ 1. In terms of co-moving time on the branes, which runs from −∞ to +∞, this four-dimensional description is valid until

t −→ t_c = 1 k √ 1 + ρ^2_i ln [ 1 |σ|( √ 1 + ρ^2_i − 1) ] . (3.30)

If the above conditions are satisfied, then the effective four-dimensional metric is the same as the previous case, but with σ < 0:

ds^2_4 = ξ k 1 (1 − |σ|e^{ξτ} )^3 { − ξ^2 k^2 dτ^2 + e^{2ξτ} dx^2 } (3.31)

and the T -modulus is T = ξ k 1 (1 − |σ|e^{ξτ} ) . (3.32)

Again this solves the 4D effective action (2.15). As with the previous case, the metric behaves like dS_4 when |σ|e^{|ξ|τ} ≪ 1, and displays power-law expansion at later times. Here, though, four-dimensional co-moving time is in the range t_4 ∈ (−∞, ∞) and there is no curvature singularity at finite co-moving time. Another difference to the previous case is, of course, that the orbifold is now expanding and the four-dimensional description breaks down as τ approaches the critical time τ_c.

It may help to clarify the situation by discussing the behaviour of these solutions from the viewpoint of the resulting four-dimensional action (2.15) and the associated effective potential V_4 M^3_5 = 1 2T^2 2∑ i=1 V_i + 1 T RV (3.33)

Figure 1: Shape of the effective D = 4 potential for the T -modulus in the 4D theory resulting from (3.17).

for the T modulus. The form of this potential, for V > 0 and V_1 + V_2 < 0 is schematically shown in figure 1. The exact shape of the potential depends, of course, on the precise values of V and V_1 + V_2 but, due to our choices for the signs of these quantities, it always has a maximum at T = V_1 + V_2 RV ≃ ξ k . (3.34)

The various choices of σ described above can now be understood in terms of how the T -modulus is rolling in this effective potential. Let us again discuss the three cases separately.

• σ = 0 : In this separating case, we have obtained an effective D = 4 solution with a constant T -modulus. This can only be compatible with the effective potential (3.33) if T is sitting at the maximum and a comparison of eq. (3.34) and eq. (3.26) shows that this is indeed the case. This situation is clearly unstable.^4 We stress that this instability, although quite apparent in the four-dimensional limit was not at all obvious from a purely five-dimensional viewpoint. Of course, we cannot really tell from this D = 4 analysis whether the solution is unstable for any value of ρ_i or whether the instability only arises in the D = 4 limit when ρ_i ≪ 1. This can only be clarified by a full five-dimensional stability analysis which is beyond the scope of the present paper. In any case, our observation

4It is not possible to simply reverse the signs of all potentials, thus giving the T -modulus potential a minimum. As discussed, in any solution with V < 0 and V_1 + V_2 > 0 one simply never reaches the four-dimensional regime where a description in terms of V_4(T ) would be appropriate.

shows that classical stability is an important issue for cosmological brane-world solutions. To make this solutions realistic, clearly some additional stabilizing potential, possibly of non-perturbative origin, has to be invoked. This will be further discussed later on when slow-roll of scalar fields is analyzed.

• σ > 0 : If, either through initial conditions or a fluctuation, the T -modulus were to begin to move towards zero, then we enter the class of solutions with σ > 0. As the T -modulus increases its kinetic energy, we enter a powerlaw expansion as is usual for exponential potentials (T = e^{β̄} and β̄ has the canonically normalized kinetic term). The branes will ultimately collide at τ = ∞ which corresponds to t_4 = 0 in terms of four-dimensional co-moving time. Realistically, one expects that once the orbifold radius is smaller than the scale of an underlying Calabi-Yau space higher-order corrections become important, which invalidate our simple lowest-order effective actions. One may hope that these corrections induce a “graceful exit” from the negative time branch, similar to what is normally assumed in pre-Big Bang cosmology [37, 38].

• σ < 0 : The solutions with σ < 0 correspond to the T -modulus rolling off its maximum in the opposite direction; T → ∞. Because V (T ) is flatter in this direction, T rolls more slowly, and so co-moving time is now valid for t ∈ (−∞, ∞). However, the four-dimensional description will break down as τ → τ_c where the higher modes in eq. (3.17) become more crucial.

4. The slow-roll approximation

In the previous section, we identified classes of solutions to the 5D Einstein equations which possessed a four-dimensional description around the Minkowski vacuum for some region of their parameter space. However, these solutions were always treated adiabatically in the sense that the brane and bulk scalar potentials were varied “by hand”. Our next task is to see whether such background solutions do in fact evolve dynamically towards the four-dimensional regime. As is usual for inflation, we do not want the evolution of the scalar fields to appreciably disturb the adiabatic solutions, and so we must impose slow-roll conditions on the energy-momentum tensors. In this section we will examine the general slow-roll conditions that should be imposed on bulk and brane scalar fields for the validity of arbitrary conformal gauge (A)dS_5 background solutions with dS_4 branes. This includes all of the solutions of the previous section. Slow-roll conditions for a brane scalar field have already been studied in ref. [19]. However, apart from considering a pure bulk cosmological constant, ref. [19] looked at the most general conditions under which accelerated expansion of the brane scale-factors could occur. Our purpose here is somewhat different. We ultimately wish to know how the explicit solutions of the previous section evolve during slowroll. Therefore we must be sure our brane slow-roll conditions are appropriate for dS_4 branes, and not e.g. brane power-law expansion.

For the moment, we will not restrict ourselves to any particular form for V (ϕ) or V_i(ϕ_i, ϕ), although sometimes we may consider a special case where they are related. In general, we will see that it is impossible to completely separate the bulk and brane conditions. The resulting slow-roll conditions will be applied to our specific background solutions in section 5.

4.1 General requirements of slow-roll

For the bulk energy-momemtum tensor to be dominated by the scalar field potential, the Einstein eqs. (2.3)–(2.6) show that one should require | | |e^{−2ν}ϕ̇^2 + e^{−2β}ϕ^{′2} | | | ≪ 2|V | , (4.1) | |e_{−2ν}ϕ̇_2 − e_{−2β}ϕ_′2 | | ≪ 2|V | (4.2) and in addition | |ϕ̇ϕ_′ | | ≪ 6 |α̇α_′| . (4.3) The bulk scalar ϕ has the (conformal gauge) field eq. (2.7):

e^{−2β}(ϕ̈ + 3α̇ϕ̇) − e^{−2β}(ϕ^{′′} + 3α^′ϕ^′) = − ∂V ∂ϕ . (4.4)

Also, ϕ is subject to boundary conditions at the branes. Since these boundary conditions would enter the field equation as terms involving a δ-function, it is not possible to neglect them during slow-roll. Hence we must ensure e^{−β}ϕ^′ |_{y=yi} = ± 1 2 [ ∂V_i ∂ϕ ] y=yi . (4.5)

The branes complicate the bulk slow-roll analysis in two ways. Firstly, for nonzero brane potentials, we cannot take ϕ to be y-independent, because there would then be nothing to compensate for the y-dependence of the metric components in eq. (4.4). Hence, because of the branes, even the slow-roll equation for ϕ must contain derivatives with respect to both y and τ. Secondly, suppose we were simply to neglect all second derivative terms in (4.4) by analogy with the standard case. It is then possible to find the most general solution to the resulting first order partial differential equation. The only way this solution can match the boundary conditions (4.5) is if V_i(ϕ, ϕ_i) = f(ϕ_i)[V (ϕ)]^{2/3}. If the brane and boundary potentials are related in this way, then the explicit solution for ϕ shows that it was not consistent to neglect (ϕ̈ − ϕ^{′′}) with respect to 3(α̇ϕ̇ − α^′ϕ^′). We conclude that it is not possible to neglect the second derivatives of the bulk scalar during slow-roll, and again attribute this effect directly to the presence of the branes.

The energy-momentum tensors of the brane scalar fields ϕ_i only appear in the boundary conditions on the Einstein eqs. (2.9) and (2.10). These show that for dS_4 branes one should require 5e^{−2v}ϕ̇^2_i ≪ 2V_i . (4.6)

The brane scalar fields ϕ_i each have field eq. (2.8): e^{−2ν} [ ϕ̈_i + (3α̇ − ν̇)ϕ̇_i ] = − ∂V_i ∂ϕ_i , (4.7)

where all the components of the metric are evaluated at the brane positions y = 0, R. This equation has only one independent variable, τ, which makes finding the appropriate slow-roll conditions very much analogous to the standard case, and certainly much simpler than the bulk scalar. Let us therefore begin by examining the brane conditions.

We split the left hand side of (4.7) in a gauge-invariant way and neglect | | |e^{−ν}∂τ (e^{−ν}ϕ̇i) | | | to find the slow-roll equation

3e^{−2ν}α̇ ϕ̇_i = − ∂V_i ∂ϕ_i . (4.8)

Exactly as expected, (4.8) shows that if e^{−ν}α̇ > 0, then during slow-roll the brane scalar fields also roll downhill, irrespective of the sign of their potentials.

If T_{05} is negligible, which we will need to check using the bulk slow-roll conditions, then we may use the first integral (3.1). For C = 0 and general time gauge, it be written as e^{−2ν} (α̇^2 − α^{′2}) = V 12 . (4.9)

We see that the brane Hubble rates are e^{−ν}α̇ = √_V 12 +^{V 1i}_{144} for any (A)dS_5 background. To apply this to slow-roll, we assume that to zeroth order the metric components in eq. (4.8) may be taken to have their background values as if the potentials were constant. Equations (4.6) and (4.8) then give the brane ϵ-condition ϵ_i ≡ 10 3V_i 1 ( V +^{V 2i}_{12} ) ( ∂V_i ∂ϕ_i )_2

≪ 1 . (4.10)

This ϵ-condition is appropriate for all of the solutions of section 3.

As usual, consistency of neglecting the second derivative terms in (4.7) generates the η-condition. Consistency of neglecting these terms gives | | | | | 4 3 ( V +^{V 2i}_{12} ) ∂V_i ∂ϕ_i ∂^2V_i ∂ϕ^2_i + e^{−ν}ϕ̇ 3 √_V 12 +^{V 2i}_{144}

∂^2V_i ∂ϕ ∂ϕ_i | | | | | ≪ | | | | ∂V_i ∂ϕ_i | | | | , (4.11) where we have again taken the zeroth order approximation of treating the background metric as constant. The first term on the l.h.s. of eq. (4.11) clearly forms the brane η-condition and is valid for all dS_4 branes in any background (A)dS_5 metric:

η_i ≡ | | | | | 4 3 ( V +^{V 2i}_{12} ) ∂^2V_i ∂ϕ^2_i | | | | | ≪ 1 . (4.12)

The second term in eq. (4.11) takes account of the fact that the brane potential also depends on ϕ and must be related to the bulk slow-roll conditions. Hence we see that in general, slow-roll on the brane and in the bulk is inextricably linked.

Notice that the brane slow-roll conditions break down when the potentials approach either V = V_i = 0 or V = −V^2_i /12. This confirms that slow-roll of the ϕ_i’s will end when the potentials approach either the Minkowski or Randall-Sundrum values. In addition, as noticed in refs. [19, 20], since ϵ_i and η_i are more strongly suppressed in the five-dimensional regime than in the standard case, it is possible for certain types of potential that are unable to support standard four-dimensional inflation to nonetheless satisfy (4.10). Slow-roll of the brane scalars could then end naturally if such a model evolved towards a four-dimensional regime, where the denominator of (4.10) becomes small, without having to require any special feature in the potential. We will not investigate this possibility further here.

Let us now return to the bulk scalar field. As noticed above, it is not possible to take ϕ to be y-independent, nor to consistently neglect the second derivatives in its field equation. To be able to handle these complications, we introduce a function T by ϕ = ϕ(T (τ, y)) where dϕ dT ≡ − 3 V ∂V ∂ϕ (4.13)

which fixes T (up to a constant) for any given potential. Notice that since ϕ is dimensionless, T is also. This transforms the bulk scalar slow-roll field equation to

T̈ + 3α̇Ṫ − T^{′′} − 3α^′T^′ = e^{2β} V 3 , (4.14)

where in transforming ϕ̈ − ϕ^{′′} we have neglected | | | | d^2ϕ dT^2 ( Ṫ^2 − T^{′2} )| | | ≪ | | | | dϕ dT ( T̈ − T^{′′} )| | | (4.15)

which will later form the η-condition. The solution of eq. (4.14) tells us how T behaves, which in turn would describe ϕ were we to specify a form for V (ϕ) and invert (4.13). It is obviously extremely difficult to solve eq. (4.14) exactly, since the metric components α and β also vary due to the slow-roll of the potentials. As a first approximation, we may treat the potentials in these terms as constant. Remarkably, it is then possible to find the particular integral of eq. (4.14). From eq. (A.2) in appendix A we see directly that the particular integral is T = α for arbitrary conformal gauge backgrounds with (A)dS_5 bulk geometry. Clearly, this includes all of the solutions discussed in section 3

In order to allow T to match to arbitrary boundary conditions, one should also consider the homogeneous equation T̈ + 3α̇Ṫ − T^{′′} − 3α^′T^′ = 0 (4.16)

so as to obtain the general solution to the slow-roll field equation. As shown in appendix A, in conformal gauge the metric takes the form (A.4):

ds^2 = 1 (f_+ + f_−)^2 { − 48 V f^′_+f^′_−dx_+dx_− + dx^2 } (4.17)

with f_+ and f_− functions of x_+ = τ + y and x_− = τ − y, respectively. It is possible to solve the homogeneous equation by defining new co-ordinates (canonical ones for (A)dS) as X^+ = √ 48 |V | f_+ , (4.18)

X^− = √ 48 |V | f_− (4.19)

and X^± = X_0 ±X_1. In terms of these co-ordinates, the homogeneous eq. (4.16) takes the form ∂^2T ∂X_0^2 − 3 X_0 ∂T ∂X_0 − ∂^2T ∂X_1^2

= 0 (4.20)

for any conformal gauge (A)dS_5 background solution. Equation (4.20) is now solved by separation of variables and the result may be expressed in terms of a series of Bessel and Neumann functions. The general solution to eq. (4.14) is then T (τ, y) = α(τ, y) + [ λ^a_0 + λ^b_0X^4_0 ] [ λ^c_0 + λ^d_0X_1 ] + + ∑ m≠0 X^2_0 [ λ^a_mJ_2(mX_0) + λ^b_mN_2(mX_0) ] × × [ λ^c_m sin(mX_1) + λ^d_m cos(mX_1) ] , (4.21) where X_{0,1} are the functions of τ and y given in eqs. (4.18) and (4.19) and m is an arbitrary separation constant. In principle, the integration constants λ in this series may be used to satisfy arbitrary boundary conditions on T . In practise, the transformations (4.18) and (4.19) deform the shape of the branes such that they do not, in general, lie along lines of constant X_0 or X_1. For arbitrary background metrics, this can make it somewhat complicated to fit the general solution (4.21) to the boundary conditions. Two possible simplifications immediately present themselves; either we can consider arbitrary background solutions with a specific relation between the brane and bulk potentials, or we can keep all the potentials arbitrary but restrict the class of background solution. Let us consider each of these cases in turn.

4.2 Special solution for related bulk and brane potentials

In this case we simply take the trivial solution to the homogeneous eq. (4.16) and hence have T = α. Obviously this will not be possible for arbitrary V_i(ϕ, ϕ_i) and indeed the boundary conditions (4.5) and (2.9) show that we must choose the brane and bulk scalar potentials to be related as

V_i(ϕ, ϕ_i) = f(ϕ_i) [V (ϕ)]^{1/2} . (4.22)

However, we do not need to make any new assumptions about our background. What follows is true for any (A)dS_5 bulk in conformal gauge.

With T = α, the slow-roll condition (4.1) forms the bulk ϵ-condition ϵ ≡ 3 8V^2

(1 + 2ρ^2_{max}) ( ∂V ∂ϕ )_2

≪ 1 (4.23)

and the other two conditions (4.2) and (4.3) are always less restrictive than this. Equation (4.23) is closely parallel to the usual ϵ-condition, with corrections depending on the strength of the brane sources. If (4.23) is satisfied, then (4.3) shows that T_{05} is negligible, providing justification for our use of the first integral (4.9) in deriving the brane ϵ-condition.

The bulk η-condition comes from consistency of neglecting the piece of the second derivatives of ϕ in eq. (4.15). In this special case we may again use the first integral eq. (4.9). This allows us to rewrite the condition (4.15) as | | | | 3 V^2 ( ∂V ∂ϕ )_2 − 3 V ∂^2V ∂ϕ^2 | | | | ≪ 1 . (4.24)

The first term in this expression is very similar to the ϵ-condition. However, unlike the standard case in 4D, it is not always true that this term will be small whenever the ϵ-condition is satisfied. In fact, this first term is a more restrictive ϵ-condition whenever ρ^2_i < 7/2. Bearing this in mind, we have the bulk η-condition η ≡ | | | 3 V ∂^2V ∂ϕ^2 | | | ≪ 1 . (4.25)

Finally, the second term in eq. (4.11) becomes | | | | ∂_ϕV ∂_{ϕi} V_i ∂^2V_i ∂ϕ∂ϕ_i | | | | ≪ 1 . (4.26)

Unlike the brane slow-roll conditions, we see that the bulk conditions only break down near the Minkowski vacuum, and not the Randall-Sundrum vacuum. This is to be expected, as the Randall-Sundrum vacuum is still AdS_5 from the bulk point of view.

4.3 General solution for backgrounds with a static radius

For backgrounds where the orbifold radius is static, it is possible to match the general solution to arbitrary boundary conditions, and so consider cases with arbitrary potentials. Here we present the conditions that are required in this case with values of ρ_i ∼ O(1) or smaller. We refer the interested reader to appendix D for a derivation and more general results for arbitrary ρ_i.

The brane ϵ and η conditions are again given by eqs. (4.10) and (4.12). This is to be expected as no assumptions were made about the background in deriving these conditions. The bulk field now has a slow-roll equation e^{−ν}ϕ̇ = −4 √ V 12 ( 1 V ∂V ∂ϕ − 1 2(V_1 + V_2) ∂ ∂ϕ (V_1 + V_2) ) . (4.27)

Inserting this into the requirements (4.1), (4.2) and (4.3) gives the conditions ϵ ≡ 2 3V^2 ( ∂V ∂ϕ )_2 ≪ 1 , (4.28)

ϵ_{12} ≡ 1 24(V_1 + V_2)^2 ( ∂ ∂ϕ (V_1 + V_2)

)_2 ≪ 1 . (4.29)

The first of these conditions ensures slow-roll of the bulk scalar in its own potential, and is closely analogous to the standard condition. The second ensures that the evolution of the bulk scalar does not cause the brane potentials to come out of slow-roll. Clearly, each of these should possess a corresponding η-condition. The η-condition for the bulk field alone is again found by consistency of eq. (4.15) and requires η ≡ | | | 3 V ∂^2V ∂ϕ^2 | | | ≪ 1 (4.30)

exactly as in eq. (4.25) for arbitrary backgrounds with related brane and bulk potentials. This is again expected. The η-condition for the bulk field alone does not notice the presence of the branes. An η-condition corresponding to condition (4.29) should also be imposed in principle. This is once more complicated, and here we simply remark that potentials which satisfy all the other conditions are also likely to satisfy this.

5. Application to the background solutions

The formalism of the previous section has introduced slow-roll parameters ϵ and η for the bulk and brane scalar fields. In addition, we have confirmed the intuition that, during dS inflation, scalar fields roll downhill towards lower values of their potentials. We now wish to apply this to the solutions of section 3, thus upgrading them from static background spaces to inflationary models. Following the description in section 2, we wish to look for solutions that evolve towards the Minkowski vacuum state with V = V_i = 0. Notice that if we were to look for a solution that evolved towards the Randall-Sundrum vacuum with V < 0 and V_1 = −V_2 = ± √ 12|V |, then naïvely we would need to start in a region with the negative brane potential at a value |V_−| < √ 12|V | so as to roll downhill towards the vacuum state. Table 2 shows that there is no such solution.

How can we decide whether a particular brane-inflationary model is a viable candidate for cosmology? This depends on when, during the evolution of the universe, we envisage that the full five-dimensional solutions entered the 4D regime. We wish to distinguish three possibilities:

• The brane sources are negligible either before inflation begins, or within a small number of e-folds. This could arise because of some unknown constraint from the underlying heterotic M-Theory, or simply because of the initial conditions in our patch of the universe. Since the model is then four-dimensional from the beginning of inflation, it is unlikely that there are any direct cosmological signatures of extra-dimensions. In order to detect the higher-dimensional theory, one would have to hope that it had somehow left an imprint on the structure of the low-energy effective action.

• The universe becomes four-dimensional during inflation, but after a reasonable number of e-folds of expansion have occurred. So long as inflation ended soon after (certainly within another ∼ 65 e-folds), then a significant fraction of our present Hubble volume will have originally left the horizon during fivedimensional inflation. This lays open the possibilities of observable signatures of the fifth dimension and branes in the inflationary power spectrum at large scales. In addition, since (p)reheating would occur in the four-dimensional regime [40, 41], it is conceivable that this scenario could avoid constraints (see ref. [42]) on the production of incoherent Kaluza-Klein particles.

• The universe is five-dimensional throughout inflation. Hence the initial fluctuation spectrum was entirely produced during the 5D regime. At the time of writing, experiments only place strict constraints on the universe during nucleosynthesis (see refs. [21, 22] for a review), so it is conceivable that the universe could have remained five-dimensional for part of the radiation-dominated era. Consequently, the evolution of the initial fluctuations throughout all this time could be dramatically different from the standard case [23]–[26] and hence lead to striking signatures in the CMB [39]. Such models are then of considerable interest, though they may be tightly constrained by further investigations of (p)reheating [42] or baryogenesis [43] in brane-worlds.

We will now examine the solutions presented in section 3 to discover into which of these categories they fall. We are primarily interested in finding models in the second category, because these both have fluctuations that were formed during the fivedimensional era now visible in the CMB, and are also explicitly calculable throughout their evolution.

5.1 Evolution of the positive potential solution In section 3, we found that this solution would admit a four-dimensional description so long as the potentials satisfied ρ_i < √ 3 before time

τ_c = 1 |ξ| ln [ 2σ √ 1 + ρ^2_{max} − σ ] , (5.1)

where σ was a positive constant. Let us now make a rough estimate of the amount of inflation that occurs before this time. Considering simply the e-folds of expansion of the brane scale factors, we have N_e ≡ ∫_{tf} ti e^{−ν}α̇ dt ≤ k √ 1 + ρ^2_i (t_f − t_i) , (5.2)

where t is co-moving time measured on one of the branes. The upper limit comes from assuming that the brane Hubble rate is constant during inflation, rather than decreasing due to slow-roll. Let us naïvely extrapolate (3.2) back to the initial singularity at t_i = − ln σ (where the two branes were co-incident and the full eleven-dimensional theory should really have been used) and take this as the earliest inflation could begin. Requiring that inflation ends while the solution still has a four-dimensional description would then give

N_e ≪ ln [ 1 √ 1 + ρ^2_i − 1 ] , (5.3)

independent of σ. For reasonable i.e. not fine-tuned) values of ρ_i this shows that the background metric (3.2) has at most O(few) e-folds of brane expansion before the solution looks five-dimensional. If we wish to obtain sufficient inflation to solve the horizon problem, we can be sure that the solution with V > 0 and V_i > 0 will end inflation in the five-dimensional regime. This argument has ignored the effects of slow-roll, which causes ρ_i to evolve and thus affects N_e. However, it is easy to convince oneself that this will not significantly alter our conclusions.

Hence, if they are realistic at all, solutions where all the potentials are positive must fall into the third category of cosmological models; the transition to standard cosmology is made after inflation has ended. Because of the difficulty of obtaining a complete (analytic) solution when the branes are radiation-dominated [44, 45], and possibly even greater difficulty of attempting any quasi-realistic form of reheating in these models, we do not pursue this solution further here.

5.2 Evolution of the solutions with V_1 + V_2 < 0

Section 3.3 presented solutions (3.17) which required V_1 + V_2 < 0. In section 4 we proved that, as expected, brane scalar fields slow-roll towards lower values of their potentials. Therefore, if we wish to evolve towards the Minkowski vacuum, it is surprising that we can consider the metric (3.17) because its negative brane potential appears to need to roll uphill. It is possible to consider the negative potential as a pure constant. However, since V_1 + V_2 < 0, this will not allow us to reach the four-dimensional regime during inflation unless we have been there from the start.

The important observation is that the boundary potentials V_i may (and in Hořava-Witten theory do) also depend on the bulk scalar field. For certain choices of V_i(ϕ, ϕ_i), the negative brane potential may indeed roll towards zero through slow-roll of ϕ down its own (positive) potential V (ϕ). To see how this works, remember that the metrics (3.17) require |ρ_i| ≪ 1 for a four-dimensional description. In order for |ρ_i| to decrease during slow-roll we require e^{−ν}ρ̇_i ρ_i = e^{−ν}ϕ̇_i V_i ∂V_i ∂ϕ_i + e^{−ν}ϕ̇ V_i ∂V_i ∂ϕ − e^{−ν}ϕ̇ 2V ∂V ∂ϕ < 0 . (5.4)

If we consider the limiting case where there is no scalar field on the negative brane,^5 just an extra contribution to the bulk scalar potential, then we find that this condition is satisfied so long as e^{−ν}ϕ̇ < 0 and V_i depends on the bulk scalar more strongly than √ V (ϕ). If V_i also depends on some brane scalar field, then there is an extra positive term in (5.4) so it is necessary for the ϕ-dependence to be correspondingly stronger.

In addition we need to be sure that e^{−ν}ϕ̇ < 0 so that ϕ is still rolling downhill! For the separating solution with σ = 0, the slow-roll eq. (4.27) shows ϕ will indeed roll downhill so long as V_i depends on ϕ more weakly than V^2(ϕ). For stronger dependence than this, the brane potentials will actually also drive the bulk scalar in the “wrong” direction.

The particular choice σ = 0 with potentials related by √ V < V_i < V^2 therefore forms an example of the second class of cosmological models; it undergoes an arbitrarily large number of e-folds of five-dimensional inflation, before becoming fourdimensional towards the end of inflation when it may be explicitly matched on to standard inflationary models. It then seems likely that this would lead to observable signatures in the CMB, caused by the different behaviour of primordial fluctuations in the five- and four-dimensional eras [23]–[26].

However, as noticed at the end of section 3.3, the model with a static orbifold is somewhat unstable and in general we would expect fluctuations to cause us to move into the classes with σ ≠ 0. If we move towards positive σ then we have a pre-Big Bang situation, whereas standard inflation still applies if we move towards σ < 0.

5More realistically, this simply means that any scalar fields that were present did not possess inflationary initial conditions, and so quickly became negligible.

These solutions could then still be an example of the second class of cosmological models so long as sufficient inflation can be achieved before the four-dimensional description breaks down as τ → τ_c. A similar calculation to the one in section 5.1 now shows that the maximum number of e-folds of inflation on the brane before this time is N_e ≡ ∫_{tf} ti e^{−ν}α̇ dt ≤ ln [ 1 |σ|( √ 1 + ρ^2_i − 1) ] − kt_i √ 1 + ρ^2_i . (5.5)

Since brane time t ∈ (−∞, ∞) for this solution, there is no objection to allowing inflation to start at t_i → −∞ and thus obtaining arbitrarily many e-folds of expansion whilst remaining in a four-dimensional regime.

The above conclusions of course depend on the assumption that the solutions are still inflating while until after they have become four-dimensional. In other words, we need to be sure that the slow-roll conditions can still be satisfied during the transition to the 4D regime. In addition, we must hope that inflation ends soon after this transition has occurred; another ∼ 65 e-folds of standard inflation would clearly dilute any fluctuations which were sensitive to the five-dimensional regime. In the next section we will verify that these additional criteria are met in the context of two simple models.

6. Explicit examples and their phenomenology

In this section, we will focus on cases with a transition from five to four dimensions during inflation. We will study classes of inflationary models which realize this transition explicitly and discuss some of their properties. This, for the first time, opens up the possibility of connecting genuinely higher-dimensional models of inflation with the subsequent standard evolution of the universe as described by a four-dimensional low-energy effective theory. To set the scene, let us first gather some of the relevant results which we have obtained so far.

As we have seen, background solutions with all potentials positive, or more precisely with V > 0 and V_1 + V_2 > 0, do not approach the flat vacuum state during inflation. For such solutions inflation ends in a five-dimensional regime with the transition to four dimensions postponed to a later stage. The seemingly most attractive class of solutions is therefore not suitable for our purpose.

On the other hand, we clearly need the bulk potential to be positive if we want to evolve into the flat vacuum state, as we do in this paper. What remains are the solutions for V > 0 and V_1 + V_2 < 0 described in section 3.3. From our classification in appendix B, they are given by

ds^2 = 1 f^2 { 12 V ξ^2e^{2ξτ} (−dτ^2 + dy^2) + dx^2 } (6.1) together with the definitions

f = σ + e^{ξτ} cosh [ (A_1 + A_2) y R − A_1 ] , (6.2) and A_i = arcsinh(ρ_i) , ξ =

|A_1 + A_2| R . (6.3)

Here σ is an arbitrary integration constant. We have shown that the above solutions approach the flat vacuum if |ρ_i| ≪ 1 and if, for σ < 0, the additional constraint (3.29) on the time τ is satisfied. More precisely, in this D = 4 limit the D = 5 background solutions are well approximated by certain solutions to the four-dimensional effective action (2.15). As shown in section 3.3, the metric for these D = 4 solutions is given by

ds^2_4 = ξ k 1 (1 + σe^{ξτ} )^3 { − ξ^2 k^2 dτ^2 + e^{2ξτ} dx^2 } (6.4)

and the T -modulus is T = ξ k 1 (1 + σe^{ξτ} )

. (6.5)

The value of the constant σ is of particular importance. For σ = 0 the fivedimensional solution is separating and has a static orbifold, a property reflected by a constant T -modulus in the associated four-dimensional solution. Unfortunately, as we have seen, the constant value for T corresponds to the maximum of the fourdimensional effective potential (3.33). Therefore, this solution is unstable at least once it approaches the D = 4 limit |ρ_i| ≪ 1 and will be driven, by small perturbations, to a solution where T rolls down the potential. This is precisely what is described by the non-separating backgrounds with σ ≠ 0. As can be seen from eq. (6.4) and (6.5) their four-dimensional limits correspond approximately to dS_4 with a constant T -modulus before a certain time τ and a power-law expansion with a rolling T -modulus after this time. For a realistic model we should, therefore, explicitly implement a mechanism to stabilize the orbifold which will then select a solution close to the one with σ = 0. We will not attempt to do this explicitly but adopt a practical approach and work with background solution for σ = 0.

We have seen in section 3.3 that a transition from D = 5 to D = 4 can be implemented “by hand” by decreasing ρ_i to values smaller than one and have discussed qualitatively how this transition can be made to work dynamically. We would now like to realize this transition explicitly, that is, by quantitatively studying the slow-roll time-evolution of the various scalar fields in the model. As explained in section 4 solving the five-dimensional slow-roll equations for the bulk scalar field ϕ is not straightforward and leads to a simple answer only when the bulk and boundary potentials are related in a particular way. For generic potentials and the separating background, σ = 0, the solution has been explicitly given in appendix D but it turns out to be rather complicated. For the present purpose, we will work with the approximation to this solution discussed in section 4.3 which holds for sufficiently small ρ_i.

In this limit, the appropriate slow-roll conditions are given by eqs. (4.28), (4.29) and (4.30) for ϕ and eqs. (4.10), (4.11) and (4.12) for ϕ_i. The bulk scalar has slow-roll field eq. (4.27) while the brane scalar satisfies (4.8). We remark that a more accurate calculation based on the results of appendix D leads to complicated ρ_i dependent corrections in the bulk slow-roll conditions. Since we plan to study examples where ρ_i is at most ∼ O(1), neglecting these corrections and working with the simple conditions listed above should be a reasonable approximation which gives qualitatively correct results.

Note that the rolling of the bulk scalar field is generally due to the bulk potential as well as due to the boundary potentials, which results in the two terms in the evolution eq. (4.27) for ϕ. Depending on the shape of these potentials this may results in a complicated evolution. To simplify matters, we will focus on cases where ϕ̇ does not change sign during inflation, so that ϕ does not start to roll up its own potential. Then, the number of e-folds based on the y-averaged scale factor ᾱ is given by

N_e = ∫_{ϕf} ϕi e^{−ν}α̇ e^{−ν}dϕ ϕ̇ = 1 4 ∫_{ϕi} ϕf [ 1 V ∂V ∂ϕ − 1 2(V_1 + V_2) ∂ ∂ϕ (V_1 + V_2) ]_{−1} e^{−ν} dϕ . (6.6) Although expressed as an integral over the bulk scalar field, evaluating this integral generally requires solving the evolution eqs. (4.27) and (4.8).

Next, as was considered in section 6, we need to discuss the qualitative evolution of the potentials. Recall that our background solution required V_1 +V_2 to be negative. Hence, at least one boundary potential needs to be negative. It is clear that downhill evolution of the corresponding boundary scalar will make this potential even more negative. This is at odds with our goal to evolve from order-one values for |ρ_i| to values smaller than one. A resolution has been proposed in section 5.2. The bulk scalar field, rolling down its own potential, may reverse the trend if the ϕ dependence of the boundary potentials is appropriate. Formally this is governed by eq. (5.4). The first term in the bracket on the r.h.s. describes the change of ρ_i due to the change of ϕ_i and is always positive. The second term governs the change of ρ_i due to ϕ. For a decreasing |ρ_i| we need the r.h.s. of eq. (5.4) to be negative. By inserting the bulk slow-roll field eq. (4.27) we find the conditions stated in section 5.2 that the boundary potentials V_i need to depend on ϕ stronger than √ V but weaker than V^2.

A simple class of models (although there are many more examples) satisfying these constraints is specified by a “separating” boundary potential of the form V_i(ϕ, ϕ_i) = V (ϕ) U_i(ϕ_i) , (6.7) where U_i(ϕ_i) are arbitrary potentials for the boundary scalars. For such potentials we find that eq. (5.4) becomes e^{−ν}ρ̇_i ρ_i = − V 3 U_i e^{−v}α̇ ( ∂ U_i ∂ϕ_i )_2 − √ V 12 1 V^2 ( ∂V ∂ϕ )_2 . (6.8)

For expanding branes, e^{−ν}α̇ > 0 and hence the first term is positive if U_i < 0. This will drive ρ_i in the wrong direction i.e. towards more negative values. It is clear that this can be overcompensated by the second term if we choose the potential Ui sufficiently flat. This is guaranteed in a particularly simple limiting case, where the boundary potentials are taken to be independent of ϕ_i. It is for this specific case that we would like to analyze two explicit examples. Other more complicated examples can be discussed along similar lines. We consider positive bulk potentials V = V (ϕ) > 0 and boundary potentials

V_i(ϕ) = V (ϕ) M_i (6.9)

with M_i being constant mass scales. To have V_1 + V_2 < 0 we require that 1 M_1 + 1 M_2

< 0 . (6.10)

We are interested in two different choices for the bulk potential V (ϕ), namely an “inverted quadratic potential” [27] in which to implement new inflation, and a monomial potential for chaotic inflation.

6.1 New inflation model We consider the potential

V = M^2 − 1 2 m^2ϕ^2 + · · · = M^2(1 − x^2) + · · · , (6.11)

where we have introduced two mass scales M and m with m ≪ M, and the rescaled field x = m √ 2M ϕ . (6.12)

As usual higher order terms, indicated by dots in the above equation, have to be added in order to create a minimum. Since we are not interested in the oscillatory regime here, we need not consider these terms explicitly. We start inflation at some value x = x_I ≪ 1 and roll towards larger values as described by eq. (4.27). Slow-roll breaks down at x = x_F ≃ 1. Throughout this range V is positive, as is required for our background solution. The number of e-folds N_e(x) between x_I and x can be obtained from eq. (6.6) and is given by N_e(x) ≃ M^2 2m^2 ( ln x x_I − 1 2 x^2 ) . (6.13)

Figure 2: Typical evolution of ρ_i = V_i/ √ 12V for a new inflation bulk potential.

This implies for the total number of e-folds N_e ≃ − M^2 2m^2 ln x_I . (6.14)

As a function of x, we find for the all-important quantities ρ_i that

ρ_i(x) = M √ 12M_i √ 1 − x^2 (6.15)

which shows that our constraint (6.10) on the mass-scales M_i guarantees a negative value of ρ_1 + ρ_2 throughout the evolution, as is required for the background solution. Most importantly, we see that both |ρ_i| decrease in time. This allows a dynamical transition from a genuinely 5D regime at ρ_i = O(1) to an effective D = 4 regime at ρ_i < 1. To illustrate this point, we have numerically integrated the evolution equations and, in figure 2, we have plotted ρ_i as a function of the number of e-folds, focusing on the last 60 or so e-folds.

As is expected from the form of the potential, ρ_i stay approximately constant for most of the evolution and only change significantly towards the end of inflation. As a consequence, if one starts with values of |ρ_i| = O(1) at the beginning of inflation, almost all of inflation takes place in the five-dimensional regime and the transition to the 4D theory only happens during the last few e-folds.

6.2 Chaotic inflation model Let us now contrast this with what happens for a monomial bulk potential which one expects to be appropriate for chaotic inflation. We consider V = 1 2 m^2ϕ^2 . (6.16)

Figure 3: Typical evolution of ρ_i = V_i/ √ 12V for a bulk potential of chaotic type.

We start at some initial ϕ = ϕ_I ≫ 1 and, using eq. (4.27) evolve towards smaller ϕ with slow-roll breaking down at ϕ = ϕ_F ≃ 2. The number of e-folds between ϕ_I and ϕ is given by N_e(ϕ) = 1 8 (ϕ^2_I − ϕ^2) (6.17)

with the total number of e-folds being

N_e = ϕ^2_I 8 . (6.18)

Furthermore, we find ρ_i(ϕ) = mϕ 2 √ 6M_i (6.19)

so that ρ_1 +ρ_2 < 0 always. Figure 3 shows the corresponding plot for ρ_i as a function of the number of e-folds.

Again, we see that a transition from D = 5 to D = 4 can be realized dynamically. However, unlike the case for new inflation, here the transition starts early on and the system gradually moves towards the four-dimensional regime during inflation.

One expects that the five-dimensional nature of the inflationary backgrounds just presented will show up in the spectrum of perturbations. Clearly, the structure of D = 5 brane-world scalar perturbations and their evolution equations is much richer than in D = 4, a fact which supports this view. Moreover, one hopes that the different types of transitions to the four-dimensional regime which we have just encountered will lead to different imprints on the spectrum. A reliable analysis of these questions is beyond the scope of the present paper, and must to be carried out using the formalism for D = 5 brane-world perturbations as, for example, developed in refs. [23]–[26].

Acknowledgments

The authors would like to thank Graham Ross, Subir Sarkar and Ed Copeland for helpful discussions. D.S. is supported by a PPARC studentship. A.L. is supported by a PPARC Advanced Fellowship.

A. Classification of dS_5 and AdS_5 solutions in conformal gauge

In this appendix, we will be systematically analyzing the solutions to the equations of motion (2.3)–(2.6) which can be obtained in conformal gauge ν = β and which are part of dS_5 or AdS_5. Here and throughout the paper, we will always take the branes to be located at y = y_i = const where y_1 = 0 and y_2 = R. This choice, of course, implies that gauge-equivalent solutions to the bulk equations of motion may not be equivalent with respect to these fixed boundary conditions. Therefore, in order to find all possible solutions, we should aim to incorporate co-ordinate reparametrisations into the bulk solution before matching to the boundaries.^6 For now, we will focus on conformal gauge, that is, we incorporate conformal transformations x_± → x̃_±(x_±) of the light-cone co-ordinates x_± = τ ± y into the metric. Later, in appendix C, we will analyze the most general case by allowing arbitrary co-ordinate transformations.

For the metric in conformal gauge, that is,

ds^2 = e^{2β}(−dτ^2 + dy^2) + e^{2α}dx^2 (A.1)

and α, β being functions of the light-cone co-ordinates, the bulk equations of motion read

∂^2_±α − 2∂_±α∂_±β + ∂_±α^2 = 0 ,

∂_+∂_−α + ∂_+∂_−β = V 24 e^{2β} , ∂_+∂_−α + 3∂_+α∂_−α = V 12 e^{2β} . (A.2)

These equations can be solved along the lines of ref. [15] where the case V ≤ 0 has been considered. Following ref. [36], one first notes the existence of a first integral

∂_+α∂_−α = ( V 48 + Ce^{−2α} ) e^{2β} (A.3)

for the system (A.2) with C being an arbitrary integration constant. In this paper, we are focusing on the subclass of bulk solutions with maximal symmetry (that is,

6Alternatively, one may incorporate this freedom by working with arbitrary embeddings for the branes, a route that has been taken, for example, in ref. [11, 44]. However, we will not pursue this method in the present paper.

dS_5 or AdS_5 solutions) which are singled out by choosing C = 0 as shown in ref. [11]. The most general solution is then given by

ds^2 = 1 (f_+ + f_−)^2 { − 48 V f^′_+f^′_−dx_+dx_− + dx^2 } , (A.4)

where f_± = f_±(x_±) are arbitrary functions of the light-cone co-ordinates and the prime denotes the derivative with respect to the argument. In order to have the correct signature we should restrict these functions so that sign(f^′_+f^′_−) = sign(V ). We should now subject these bulk solutions to the boundary conditions e^{−β}∂_yα | |_{y=yi} = e^{−β}∂_yβ | |_{y=yi} = ∓ V^i 12 . (A.5)

This constrains the functions f_± to

f_+(τ) = F (τ) , f_−(τ) = sign(V )γ^2_1 F (τ) + k_1 , (A.6)

where F can be expressed in terms of an arbitrary periodic function p satisfying p(τ) = p(τ + 2R) as F (t) = e^{−ξτ} p(τ) + e^{−ξτ} − 1 e^{−2ξR} − 1 K . (A.7)

The coefficients γ_i and ξ are defined by |γ_i| = ∓sρ_i + s_i √ sign(V ) + ρ^2_i , (A.8) ξ = − 1 R ln |γ_1| |γ_2| , (A.9)

where the upper (lower) sign in eq. (A.8) refers to the first (second) boundary. Further, K and k_1 are arbitrary constants and we recall that ρ_i is given by

ρ_i = V_i √ 12|V | . (A.10)

Above, we have introduced a number of signs which will turn out to be quite relevant in the following. In detail, these signs are given by

s = sign(f_+ + f_−) sign(f^′_−) (A.11)

whereas s_i = ±1 are arbitrary. Normally, one would expect the sign s to be uniquely defined throughout spacetime. Changing s requires the functions f_+ + f_− or f^′_− to vanish for certain τ or y. This implies the existence of a co-ordinate singularity corresponding to an infinite scale factor or a horizon, respectively. Even though the curvature scalar remains finite, those solutions may be undesirable due to their exotic properties, such as horizon-separated boundaries or an infinitely large orbifold. Be that as it may, since f_± are left- and right-movers, one at least expects that there exists a range of τ for which neither f_+ + f_− nor f^′_− change sign as one moves across the orbifold. If necessary, we can focus on this range of τ and then s is unambiguously defined.

We also note that the functions F , as specified by eq. (A.7), can be characterized as solutions of the generalized periodicity condition

F (τ + 2R) = γ^2_1 γ^2

F (τ) + K . (A.12)

We now wish to investigate some properties of the above solutions. Specifically, we are interested in whether we can find separating solutions i.e. solutions where α = α_0(τ) + α_5(y) and β = β_0(τ) + β_5(y)) and solutions with a time-independent orbifold i.e. solutions with β̇ = 0). Firstly, we note that for the above class, it can be shown that separability of the solution implies a time-independent orbifold. Secondly, by straightforward computation, one can also demonstrate that a time-independent orbifold requires the condition

k_1(1 + sign(V )γ^2 ) = k_2(1 + sign(V )γ^2_1 ) (A.13)

to hold, where we have defined

k_1 = sign(V )γ^2 K + k_2 . (A.14)

This relation implies the vanishing of the additive constant in f_+ +f_−. In view of the structure of the solution (A.4), this is also what one would have intuitively expected as a necessary condition for a time-independent orbifold. Using condition (A.13) we can now compute the sign s for a solution with a time-independent orbifold. Inserting f_+ and f_− into eq. (A.11) we find

s = − sign(ξ) sign ( sign(V ) + γ^2_1 ) = − sign(ξ) sign ( sign(V ) + γ^2 ) . (A.15)

We can distinguish four subclasses within the above set of solutions corresponding to the four different combinations of the signs of V and V_1 + V_2. It turns out that these subclasses have quite different properties, particularly with respect to separability and existence of static orbifold solutions. We shall therefore discuss them separately.

• V > 0 : We first note that the signs s_i appearing in eq. (A.8) have to equal +1 for |γ_i| to be well-defined. As a consequence, we have |γ_i| = ∓sρ_i + √ 1 + ρ^2_i . (A.16)

Let us now turn to the two sub-cases corresponding to the two different signs of V_1 + V_2.

1. V_1 + V_2 > 0 : In this case, solutions with a time-independent orbifold do not exist. This also implies that there are no separating solutions. The proof is as follows. Using ρ_1 + ρ_2 > 0 we conclude from eq. (A.16) that s|γ_2| > s|γ_1| which implies a positive value of sξ from eq. (A.9). However, eq. (A.15) tells us that sξ should be negative for solutions with a static orbifold. It is this sign discrepancy that precludes the existence of static orbifold solutions in the case under discussion.

2. V_1 + V_2 < 0 : Obviously, an argument analogous to the previous case does not lead to any contradiction for ρ_1 + ρ_2 negative. Indeed, separating solutions with constant orbifold exist in this case and explicit examples will be given in the following appendix.

• V < 0 : In this case, the expression (A.8) for the coefficients γ_i becomes |γ_i| = ∓sρ_i + s_i √ ρ^2_i − 1 (A.17)

and one immediately concludes that, for the right-hand side to be real, one has to require that |ρ_i| ≥ 1 , or |V_i| ≥ 12|V | . (A.18) In addition, the right-hand side must be positive which leads to

sign(ρ_1) = − sign(ρ_2) = −s . (A.19)

In particular, this implies opposite signs for the boundary potentials V_1 and V_2. Note that these are significant constraints on the boundary potentials which arise only if V < 0. A further difference from the case V > 0 is that the signs s_i appearing in eq. (A.8) are not fixed. We note, however, that they can be expressed as s_i = sign ( γ^2_i − 1 ) . (A.20) As before, we now distinguish the two signs of V_1 + V_2.

1. V_1 + V_2 > 0 : Similarly to the corresponding V > 0 case, no separating solutions or solutions with a static orbifold exist in this case. For the proof, let us consider a solution with a static orbifold. Then, eq. (A.15) combined with eq. (A.20) tells us that the signs s_i have to be the same on both boundaries and are given by s_i = −s sign(ξ). From the definitions of γ_i and ξ, eq. (A.8) and (A.9), we also conclude that sign(|ρ_2| − |ρ_1|) = s_i sign(|γ_2| − |γ_1|) = s_i sign(ξ) = −s. However, this relation is only compatible with the sign constraints (A.19) on the boundary potentials if ρ_1 + ρ_2 < 0.

2. V_1 + V_2 < 0 : In this case, there is no obstruction to having separating solutions and solutions with a static orbifold and we will present explicit examples in the following appendix.

B. Classification of solutions with constant periodic functions in conformal gauge

We would now like to make the classification of the previous appendix more explicit by focusing on an important subclass of solutions. As we have seen, the general solution obtained in conformal gauge depends, among other things, on an arbitrary periodic function p. Physically, this function represents the freedom to impose arbitrary fluctuations in the orbifold direction as an initial condition. We remark that such initial fluctuations may not be wiped out and, hence, constitute a challenge for inflation particularly with regard to inflationary “no-hair theorems” (see [46] for a recent discussion). Clearly this is a problem present in all higher-dimensional models of inflation but it is particularly acute in brane-world models. While we will not attempt to resolve this problem in the present paper, it is clear that in order to obtain workable cosmological backgrounds, one would like to concentrate on solutions where such fluctuations are small or, equivalently, where the periodic function p is constant. It is this particular subclass that we now wish to analyze in more detail.

Assuming a constant periodic function p in the eq. (A.4), it can be shown that the five-dimensional metric may be written in the form

ds^2 = 1 f^2 { e^{2β0−2ξτ} (−dτ^2 + dy^2) + e^{2α0} dx^2 } . (B.1)

The function f is defined by f = σ + e^{−ξτ} { cosh(ξy + ξ_0) , for V > 0 , sinh(ξy + ξ_0) , for V < 0

(B.2)

and α_0, β_0, ξ, ξ_0 and σ are constants. These constants can be determined, of course, by comparison with the general conformal solution (A.4)–(A.9). However, it is more instructive, and moreover serves as a cross-check of our previous results, to insert the metric (B.1) directly into the equations of motion and the boundary conditions. One then finds that the bulk equations of motion (A.2) are satisfied as long as |ξ|e^{−β0} = √ |V | 12 , (B.3)

where the sign of ξ remains undetermined. To incorporate the boundary conditions (A.5) it again proves useful to distinguish four cases as specified by the signs of V and V_1 + V_2.

• V > 0 : In this case we define

A_i = arcsinh(ρ_i) (B.4)

and the boundary conditions are satisfied if

ξ = − sign(fξ)

A_1 + A_2 R , ξ_0 = sign(fξ)A_1 . (B.5)

The metric (B.1) takes the form

ds^2 = 1 f^2 { 12 V ξ^2e^{−2ξτ} (−dτ^2 + dy^2) + e^{2α0} dx^2 } , (B.6)

where the function f is now given by

f = σ + e^{−ξτ} cosh [ (A_1 + A_2) y R − A_1 ] . (B.7)

The constants α_0 and σ remain undetermined. The former can be absorbed into a co-ordinate rescaling and is trivial in this sense. The constant σ, however, cannot be removed in this way and its value is essential for the properties of the solution. Specifically, the solution is separating and has a static orbifold if and only if σ = 0. In order to see whether such a choice is permissible let us examine the two signs for V_1 + V_2 separately.

1. V_1 + V_2 > 0 : We easily deduce from the first eq. (B.5) that the function f has to be negative. However, from its definition (B.2) it is clear that this is incompatible with setting σ = 0. In fact, we need σ < 0. Consequently, no separating solutions or solutions with static orbifold exist in accordance with our conclusion in the previous appendix. As stands, τ takes values in a semi-infinite range. For ξ > 0 the solution evolves from a co-ordinate singularity at some finite time corresponding to infinitely separated branes to brane collision as τ → ∞. The branes scale factors themselves are decreasing, so ξ > 0 does not represent inflation. In the opposite case, ξ < 0, the models starts out with colliding branes at τ → −∞ and ends in a co-ordinate singularity with infinite brane separation at some finite time. Here the branes are inflating. This case is discussed in detail in section 3.2, where f is defined with an extra minus sign so as to make it positive.

2. V_1 + V_2 < 0 : Equation (B.5) now implies that the function f has to be positive. This, however, places no further constraint on the constant σ. In particular, we are free to set σ = 0 which leads to a separating solution with static orbifold [9, 15]. For σ ≥ 0 the range of τ is infinite, that is, τ → ±∞ while for σ < 0 it is restricted to a semi-infinite range with a singularity corresponding to an infinite brane-separation developing at some finite time. These cases are discussed in detail in section 3.3.

• V < 0 : Defining A_i = arccosh(|ρ_i|) (B.8) the boundary conditions can be satisfied provided ξ = − s_1A_1 + s_2A_2 R , ξ_0 = s_1A_1 , (B.9) where s_i = ±1 are, as yet, undetermined signs. For this to provide a welldefined solution to the boundary conditions we need to require in addition that

V_1V_2 < 0 , |ρ_i| ≥ 1 . (B.10)

These conditions on the boundary potentials are the same we have found for the general conformal solution in the previous appendix, as they should. The metric is then given by

ds^2 = 1 f^2 { 12 −V ξ^2e^{−2ξτ} (−dτ^2 + dy^2) + e^{2α0} dx^2 } (B.11)

with f = σ + e^{−ξτ} sinh [ −(s_1A_1 + s_2A_2) y R + s_1A_1 ] . (B.12)

In fact, our information about the signs of V_i is somewhat more precise, namely

sign(V_1) = − sign(V_2) = sign(fξ) . (B.13)

As with the case where V > 0, the constant σ is significant. In particular, σ = 0 characterizes the separating solutions with static orbifold. To find out whether or not this choice is possible we again distinguish between the two signs of V_1 + V_2.

1. V_1 + V_2 > 0 : No separating solutions or solutions with static orbifold exist in this case. For the proof, let us assume the existence of such a solution with σ = 0. We focus on times τ where the sign of f in eq. (B.12) does not change across the bulk. Then the signs s_i are fixed to s_1 = −s_2 = sign(f). From eq. (B.9), one concludes that sign(ξ) = sign(f(|V_2| − |V_1|)) and, by comparison with eq. (B.13), we learn that sign(V_1) = − sign(V_2) = sign((|V_2| − |V_1|)). This last equation, however, contradicts our assumption that V_1 + V_2 > 0.

The non-separating solutions with σ ≠ 0 exist with infinite or semi-infinite range of τ depending on the sign of σ and s_i. In either case, the endpoints of the evolution correspond to colliding branes or infinitely separated branes.

2. V_1 + V_2 < 0 : In this case, there is no obstruction to setting σ = 0 and, hence, separating solutions with a time-independent orbifold exist. The time-range can be infinite or semi-infinite depending on the values of σ and s_i. For σ ≠ 0 the endpoints of the evolution again correspond to a collapsing or diverging orbifold size. These solutions have been discussed in ref. [9].

C. Classification of solutions in arbitrary gauge

As we have mentioned before, the approach of this paper is to explicitly incorporate co-ordinate reparametrizations into the bulk metric and keep the boundaries at y = const hypersurfaces rather than allowing curved branes. So far, we have focused on conformal transformations and subclasses thereof but it is not clear, a priori, that this leads to the most general set of solutions. In this appendix we will therefore allow arbitrary co-ordinate transformations.

The corresponding bulk metric is easily obtained from the one in conformal gauge, eq. (A.4), by transforming to a new set of co-ordinates, (y^a) = (τ, y) where a = 0, 5 and x_± = x_±(τ, y). We then have the metric

ds^2 = 1 (F_+ + F_−)^2 { γ_{ab}dy^ady^b + dx^2 } , (C.1)

where γ_{ab} = −48V ∂_{(a}F_+∂_{b)}F_− (C.2)

and F_± are arbitrary functions of τ and y related to their conformal gauge counterparts by F_±(τ, y) = f_±(x_±(τ, y)) . (C.3)

In order for this metric to have to correct signature (with y being the spacelike direction) one should require that

sign(V ) = sign(Ḟ_+Ḟ_−) = − sign(F^′_+F^′_−) , (C.4)

at least close to the branes.

In this arbitrary gauge, the boundary conditions for the (00) and (ij) components of the metric are still given by eqs. (2.9) and (2.10), while we have to require in addition that g_{05} vanishes at the branes. Interestingly, these conditions can be solved explicitly leading to the following constraints

F_−(τ, y_i) = sign(V )γ^2_i F_+(τ, y_i) + k_i , F^′_−(τ, y_i) = − sign(V )γ^2_i F^′_+(τ, y_i) (C.5)

on the functions F_± at the locations y = y_i of the branes. As before, the co-efficients γ_i are defined by |γ_i| = ∓sρ_i + s_i √ ρ^2_i + sign(V ) , (C.6)

where s_i = ±1 are as yet unspecified signs, k_i are constants and the sign s is defined by

s = sign(F_+ + F_−) sign(F^′_−) . (C.7)

Hence, we have found a solution for all functions F_± satisfying the boundary conditions (C.5) together with the additional sign constraints (C.4). While these constraints seem relatively weak at first, they may in fact obstruct the existence of a solution under certain conditions. Typically, in these cases one finds that a pair of functions F_± which satisfy the boundary conditions on one side, when continued across the bulk in accordance with the constraints (C.4) on F^′_±, can never satisfy the boundary conditions on the opposite side. We will see this explicitly in a moment.

First, however, it is helpful to discuss some geometrical aspects of our solutions following the ideas of ref. [15]. As we will see, the general approach of this appendix is rather well-suited for this purpose. Since our bulk solutions represents a slice of dS_5 or AdS_5 they can be represented as a hypersurface

−T^2 + Y^2 + X^2 + sign(V )Z^2 = sign(V )R^2 (C.8)

in a six-dimensional space with co-ordinates (T, Y, X, Z) and metric

ds^2_6 = −dT^2 + dY^2 + dX^2 + sign(V )dZ^2 . (C.9)

Here R is the radius of the (anti) de Sitter space, given by

R^2 = 1 k^2 = 12 |V | . (C.10)

It is straightforward to show that the six-dimensional embedding co-ordinates are related to our original five-dimensional ones by T = R 1 − 4 sign(V )F_+F_− + x^2_{R2} 2(F_+ + F_−) , Y = R 1 + 4 sign(V )F_+F_− − x^2_{R2} 2(F_+ + F_−) , X = x F_+ + F_− , Z = R F_+ − F_− F_+ + F_−

. (C.11)

In the six-dimensional embedding space, the branes are given as the intersections of certain five-dimensional hyperplanes with the hyperboloid defined by eq. (C.8). Using the relations (C.11) together with the boundary conditions (C.5) on F_± we can determine normal vectors N_i to these hyperplanes. Up to a normalisation constant, we find for these vectors

N_i ∼ ( 2k_i, 2k_i, 0, 0, 0, 1 + sign(V )γ^2_i ) . (C.12)

These vectors carry information about how the branes are embedded into the (A)dS_5 space and, as expected, they depend on the bulk potential V and the respective brane potential V_i through the co-efficients γ_i. However, we also observe that the constants k_i which appear as integration constants in the boundary conditions (C.5), play an important role in specifying this embedding. We can use the normal vectors N_i to distinguish two qualitatively different types of solution. First, if N_1 and N_2 are not parallel we have a diverging orbifold size in the past (future) and colliding branes in the future (past). In other words, such solutions are characterized by a non-static orbifold. On the other hand, if N_1 and N_2 are parallel the branes never intersect which constitutes a necessary condition for the orbifold to be static. From eq. (C.12) we see that this case is realized precisely when

k_1 ( 1 + sign(V )γ^2 ) = k_2 ( 1 + sign(V )γ^2_1 ) (C.13)

which serves as a useful practical condition for a static orbifold.

In order to apply this criterion to our general solution, as before we distinguish the various cases corresponding to the signs of V and V_1 + V_2.

• V > 0 : As in the conformal gauge case, the signs s_i in eq. (A.16) must equal +1 which leads to |γ_i| = ∓sρ_i + √ 1 + ρ^2_i . (C.14) For the two signs of V_1 + V_2 we find the following:

1. V_1 + V_2 > 0 : The previous no-go theorem excluding the existence of solutions with static orbifold can be avoided if the function F^′_+ (or F^′_−) is allowed to vanish at points in the orbifold. For such solutions, the metric (C.1) develops a co-ordinate singularity leading to a horizon that separates the two boundaries. An example can be obtained by starting with the metric (B.6) with the constant σ set to zero in (B.7). If we introduce a new orbifold co-ordinate z by g(z) = 1/ cosh(ξy + ξ_0), where g is an arbitrary function the transformed metric reads

ds^2 = −

12ξ^2 V g(z)^2dτ^2 + 12 V g^′(z) 1 + g(z)^2 dz^2 + e^{2α0+ξτ} g(z)^2dx^2 . (C.15)

We find that the boundary conditions (2.9) and (2.10) are solved in these new co-ordinates if

sign(g(z_i)) √ 1 + 1 g(z_i)^2

= ∓ρ_i . (C.16)

If g(z) ≠ 0 throughout the orbifold, the signs of g(z_i) must be the same and the above conditions cannot be satisfied on both boundaries given that ρ_1 + ρ_2 > 0. On the other hand, if g(z_1) and g(z_2) have different signs the obstruction disappears and functions g matching to both boundaries can be found. The function g must then vanish at at least one point in the orbifold. This results in a co-ordinate singularity in the metric (C.15) associated with a horizon separating the two boundaries. An analogous example, for the case of a flat bulk spacetime, has been found in ref. [7]. Having presented the above counter-example, let us now exclude co-ordi-nate singularities and assume that the functions F^′_+, F^′_− as well as F_+ + F_− are non-vanishing throughout the spacetime. Under this additional assumption, it can again be shown that static orbifold solutions do not exist. For the proof, we have to analyze the boundary conditions on F_± given by eq. (C.5). A useful observation which simplifies the argument is that these functions can be shifted by a constant c according to F_+ → F_+ − c and F_− → F_− + c without affecting the bulk metric. The boundary conditions will, of course, be modified. Let us choose the constant c to be c = k_1/(1 + γ^2_1 ). After the shift the additive constant in the condition on the first boundary will be removed. If, in addition, we assume a static orbifold, we learn from eq. (C.13) that the same is true for the second boundary. Then, the new boundary conditions are simply

F_−(τ, y_i) = γ^2_i F_+(τ, y_i) . (C.17) These equations, together with our initial assumption about the absence of co-ordinate singularities implies that the signs of F_+(τ, y_i) and F_−(τ, y_j) must be the same for all i, j = 1, 2. In addition, when continued across the orbifold the functions F_± have to respect the sign constraint (C.7). This leads to s|F_−(τ, y_1)| > s|F_−(τ, y_2)| and s|F_+(τ, y_1)| < s|F_+(τ, y_2)|. From eq. (C.17) this means that we can only find functions F_± matching both boundaries if sγ^2_1 > sγ^2 . However, this contradicts the definition for γ_i, eq. (C.16) which implies that sγ^2_1 < sγ^2 as long as ρ_1 + ρ_2 > 0.

2. V_1 + V_2 < 0 : As we have already seen, static orbifold solutions exist in this case.

• V < 0 : The coefficients γ_i are given by |γ_i| = ∓sρ_i + s_i √ ρ^2_i − 1 (C.18)

and, as in the more special cases, are only well-defined if the potentials obey |V_i| ≥ 12|V | , V_1V_2 < 0 . (C.19) Hence, these significant constraints on the potentials persist even in the most general case. If they are violated no solutions exist.

1. V_1 + V_2 > 0 : Arguments analogous to the ones in the V > 0 case do not apply any longer, essentially due to the additional sign freedom s_i in eq. (C.16) which, unlike in the case of conformal gauge, can no longer be fixed. We expect static orbifold solutions to exist, even if the metric is required to be free of co-ordinate singularities.

2. V_1 + V_2 < 0 : As previously shown, static orbifold solutions exist.

D. Bulk slow-roll for the static orbifold solution

In this appendix, we will solve the bulk eq. (2.7) for ϕ for a static orbifold solution with V > 0 and V_1 + V_2 < 0. To do this, we follow a procedure similar to the one explained in section 4. We start by introducing a new variable T = T (τ, t) with dϕ dT = −3 ∂_ϕV V . (D.1)

We are now searching for solutions where the bulk scalar field depends on τ and y only through this new variable, that is, ϕ = ϕ(T (τ, y)). It is straightforward to show from the ϕ equation of motion (4.4) that, with the metric in conformal gauge, T then satisfies the differential equation

T̈ − T^{′′} + 3α̇Ṫ − 3α^′T^′ = 1 3 e^{2β}V (D.2)

together with the boundary conditions

[T^′]_{y=yi} = ∓ [ e^β ∂_ϕV_i ∂_ϕV V ] y=yi (D.3)

provided that 12 ( ∂^2_ϕV ∂_ϕV V^2 − (∂_ϕV )^3 V^3 ) (Ṫ^2 − T^{′2}) ≪ e^{2β}∂_ϕV (D.4)

holds. This inequality will eventually lead to slow-roll conditions once an explicit result for T is inserted. We observe that, from eq. (D.1), ϕ should have a weak dependence on T for flat bulk potentials V . Finding an exact solution for T by solving eq. (D.2) is quite difficult since the background quantities α and β contain the various potentials which have a time-variation through slow-roll of the scalar fields. However, our strategy will be to solve eq. (D.2) by assuming that the potentials are effectively constant. This approximation neglects higher-order contributions to the slow-roll evolution of ϕ which, to leading order is governed by (D.1). This, of course, means that our final solution for ϕ is only valid locally and describes the τ and y variation of ϕ around a given set of potential values.

As we saw in section 4, even in this approximation, solutions for T satisfying the boundary conditions (D.3) are not easily found. However, for the σ = 0 separating background (3.17) we can start with

T = α + T_0(τ) + T_5(y) , (D.5)

where the first term, α, is a special inhomogeneous solution and the other terms represent a separation Ansatz for the homogeneous part of (D.2). The fact that T = α is a special solution of eq. (D.2) can be shown rather generally by using the background equations of motion (2.3)–(2.6) and their first integral (4.9). The existence of this simple solution is of course the prime motivation for introducing the variable T . For our specific separating background α takes the form

α = α_0 + ξτ − ln cosh(ξy + ξ_0) . (D.6)

The most general separating solution for the homogeneous part is given by T_0 = Cξτ + Ae^{−3ξτ} , T_5 = BH(ξy + ξ_0) + CI(ξy + ξ_0) , (D.7)

where A, B, C are arbitrary integration constants and the functions H and I are defined by

H(z) = (3 + sinh^2 z) sinh z ,

I(z) = ln cosh z + 1 2 cosh^2 z + sinh z cosh^2 z arctan e^z + 2 sinh z arctan e^z . (D.8)

We remark that I is a special solution of

d^2I dz^2 − 3 tanh z dI dz = 3 (D.9)

while H satisfies the homogeneous part of this equation. We now have to implement the boundary conditions (D.3) which fixes B and C to

B = B_1 ( 1 − 2 δ_1 δ ) + B_2 ( 1 − 2 δ_2 δ ) , C = C_1 ( 1 − 2 δ_1 δ ) + C_2 ( 1 − 2 δ_2 δ ) , (D.10)

where we recall that δ_i = ∂_ϕV_i V_i , δ = ∂_ϕV V . (D.11)

Further B_i and C_i are complicated functions of ρ_i given by

B_1 = D^{−1} √ 1 + ρ^2 I^′(−A_2)ρ_1 ,

B_2 = D^{−1} √ 1 + ρ^2_1 I^′(A_1)ρ_2 ,

C_1 = −3 D^{−1} ( 1 + ρ^2

)_2

ρ_1 , C_2 = −3 D^{−1} ( 1 + ρ^2_1

)_2

ρ_2 ,

D = 3 √ 1 + ρ^2_1 √ 1 + ρ^2 [( 1 + ρ^2_1 )_{3/2} I^′(−A_2) − ( 1 + ρ^2 )_{3/2} I^′(A_1) ] . (D.12)

This result can now be used to derive the various slow-roll conditions for the background solution under consideration by inserting T into the inequalities (4.1), (4.2),

(4.3) and (D.4). Further conditions arise by inserting into the equation of motion (D.2) for T and by requiring that additional terms proportional to time derivatives of potentials are indeed small, as we have assumed. Clearly, this will lead to very complicated slow-roll conditions, in general. The above solution significantly simplifies if expanded to lowest order in ρ_i. Then we arrive at the ϕ evolution eq. (4.27) and the slow-roll conditions (4.28),(4.29) and (4.30) which we have used to analyze the specific examples in section 6.

References

[1] P. Hořava and E. Witten, Heterotic and type-I string dynamics from eleven dimensions, Nucl. Phys. B 460 (1996) 506 [hep-th/9510209].

[2] P. Hořava and E. Witten, Eleven-dimensional supergravity on a manifold with boundary, Nucl. Phys. B 475 (1996) 94 [hep-th/9603142].

[3] E. Witten, Strong coupling expansion of Calabi-Yau compactification, Nucl. Phys. B 471 (1996) 135 [hep-th/9602070].

[4] A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, The universe as a domain wall, Phys. Rev. D 59 (1999) 086001 [hep-th/9803235].

[5] A. Lukas, B.A. Ovrut, K.S. Stelle and D. Waldram, Heterotic M-theory in five dimensions, Nucl. Phys. B 552 (1999) 246 [hep-th/9806051].

[6] A. Lukas, B.A. Ovrut and D. Waldram, Non-standard embedding and five-branes in heterotic M-theory, Phys. Rev. D 59 (1999) 106005 [hep-th/9808101].

[7] A. Lukas, B.A. Ovrut and D. Waldram, Boundary inflation, Phys. Rev. D 61 (2000) 023506 [hep-th/9902071].

[8] T. Nihei, Inflation in the five-dimensional universe with an orbifold extra dimension, Phys. Lett. B 465 (1999) 81 [hep-ph/9905487].

[9] H.B. Kim and H.D. Kim, Inflation and gauge hierarchy in Randall-Sundrum compactification, Phys. Rev. D 61 (2000) 064003 [hep-th/9909053].

[10] P. Binétruy, C. Deffayet and D. Langlois, Non-conventional cosmology from a braneuniverse, Nucl. Phys. B 565 (2000) 269 [hep-th/9905012].

[11] D. Ida, Brane-world cosmology, J. High Energy Phys. 09 (2000) 014 [gr-qc/9912002].

[12] P. Kanti, K.A. Olive and M. Pospelov, Static solutions for brane models with a bulk scalar field, Phys. Lett. B 481 (2000) 386 [hep-ph/0002229].

[13] R.N. Mohapatra, A. Perez-Lorenzana and C.A. de Sousa Pires, Cosmology of brane-bulk models in five dimensions, Int. J. Mod. Phys. A 16 (2001) 1431 [hep-ph/0003328].

[14] J.E. Kim and B. Kyae, Exact cosmological solution and modulus stabilization in the Randall-Sundrum model with bulk matter, Phys. Lett. B 486 (2000) 165 [hep-th/0005139].

[15] J. Khoury, P.J. Steinhardt and D. Waldram, Inflationary solutions in the brane world and their geometrical interpretation, Phys. Rev. D 63 (2001) 103505 [hep-th/0006069].

[16] P. Bowcock, C. Charmousis and R. Gregory, General brane cosmologies and their global spacetime structure, Class. and Quant. Grav. 17 (2000) 4745 [hep-th/0007177].

[17] H. Ochiai and K. Sato, Vacuum brane and the bulk dynamics in dilatonic brane world, Phys. Lett. B 503 (2001) 404 [hep-th/0010163].

[18] L.J. Randall and R. Sundrum, A large mass hierarchy from a small extra dimension, Phys. Rev. Lett. 83 (1999) 3370 [hep-ph/9905221].

[19] R. Maartens, D. Wands, B.A. Bassett and I. Heard, Chaotic inflation on the brane, Phys. Rev. D 62 (2000) 041301 [hep-ph/9912464].

[20] E.J. Copeland, A.R. Liddle and J.E. Lidsey, Steep inflation: ending braneworld inflation by gravitational particle production, Phys. Rev. D 64 (2001) 023509 [astro-ph/0006421].

[21] S. Sarkar, Big bang nucleosynthesis and physics beyond the standard model, Rept. Prog.

Phys. 59 (1996) 1493 [hep-ph/9602260].

[22] K.A. Olive, G. Steigman and T.P. Walker, Primordial nucleosynthesis: theory and observations, Phys. Rep. 333 (2000) 389 [astro-ph/9905320].

[23] S. Mukohyama, Gauge-invariant gravitational perturbations of maximally symmetric spacetimes, Phys. Rev. D 62 (2000) 084015 [hep-th/0004067].

[24] H. Kodama, A. Ishibashi and O. Seto, Brane world cosmology: gauge-invariant formalism for perturbation, Phys. Rev. D 62 (2000) 064022 [hep-th/0004160].

[25] D. Langlois, Brane cosmological perturbations, Phys. Rev. D 62 (2000) 126012 [hep-th/0005025].

[26] C. van de Bruck, M. Dorca, R.H. Brandenberger and A. Lukas, Cosmological perturbations in brane-world theories: formalism, Phys. Rev. D 62 (2000) 123515 [hep-th/0005032].

[27] D.H. Lyth and A. Riotto, Particle physics models of inflation and the cosmological density perturbation, Phys. Rep. 314 (1999) 1 [hep-ph/9807278].

[28] A. Lukas, B.A. Ovrut and D. Waldram, Five-branes and supersymmetry breaking in M-theory, J. High Energy Phys. 04 (1999) 009 [hep-th/9901017].

[29] J.A. Harvey and G.W. Moore, Superpotentials and membrane instantons,

hep-th/9907026.

[30] E. Lima, B. Ovrut, J. Park and R. Reinbacher, Non-perturbative superpotential from membrane instantons in heterotic M-theory, hep-th/0101049.

[31] K.-I. Maeda and D. Wands, Dilaton-gravity on the brane, Phys. Rev. D 62 (2000) 124009 [hep-th/0008188].

[32] A. Mennim and R.A. Battye, Cosmological expansion on a dilatonic brane-world, Class. and Quant. Grav. 18 (2001) 2171 [hep-th/0008192].

[33] K. Enqvist, E. Keski-Vakkuri and S. Rasanen, Hubble law and brane matter after ekpyrosis, hep-th/0106282.

[34] A. Lukas, B.A. Ovrut and D. Waldram, On the four-dimensional effective action of strongly coupled heterotic string theory, Nucl. Phys. B 532 (1998) 43 [hep-th/9710208].

[35] A. Lukas, B.A. Ovrut and D. Waldram, The ten-dimensional effective action of strongly coupled heterotic string theory, Nucl. Phys. B 540 (1999) 230 [hep-th/9801087].

[36] P. Binétruy, C. Deffayet, U. Ellwanger and D. Langlois, Brane cosmological evolution in a bulk with cosmological constant, Phys. Lett. B 477 (2000) 285 [hep-th/9910219].

[37] M. Gasperini and G. Veneziano, Pre-Big Bang in string cosmology, Astropart. Phys.

1 (1993) 317 [hep-th/9211021].

[38] M. Cavaglia, Pre-Big Bang in M-theory, Class. and Quant. Grav. 18 (2001) 1355 [hep-th/0103095].

[39] MaxiBoom collaboration, CMB analysis of boomerang & maxima & the cosmic parameters {Ω_{tot}, Ω_bh^2, Ω_{cdm}h^2, Ω_Λ, n_s}, astro-ph/0011378.

[40] L. Kofman, A.D. Linde and A.A. Starobinsky, Towards the theory of reheating after inflation, Phys. Rev. D 56 (1997) 3258 [hep-ph/9704452].

[41] Y. Shtanov, J. Traschen and R.H. Brandenberger, Universe reheating after inflation, Phys. Rev. D 51 (1995) 5438 [hep-ph/9407247].

[42] S. Tsujikawa, K.-i. Maeda and S. Mizuno, Brane preheating, Phys. Rev. D 63 (2001) 123511 [hep-ph/0012141].

[43] G.R. Dvali and G. Gabadadze, Non-conservation of global charges in the brane universe and baryogenesis, Phys. Lett. B 460 (1999) 47 [hep-ph/9904221].

[44] H.A. Chamblin and H.S. Reall, Dynamic dilatonic domain walls, Nucl. Phys. B 562 (1999) 133 [hep-th/9903225].

[45] K. Enqvist, E. Keski-Vakkuri and S. Rasanen, Constraints on brane and bulk ideal fluid in Randall-Sundrum cosmologies, Phys. Rev. D 64 (2001) 044017 [hep-th/0007254].

[46] M.G. Santos, F. Vernizzi and P.G. Ferreira, Isotropization and instability of the brane,

hep-ph/0103112.